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Chapter 1

Introduction

HIV/AIDS is a global infectious disease. As of 2016, approximately 36.7 million people have
HIV worldwide with the number of new infections that year being about 1.8 million [52]. This
is down from 3.1 million new infections in 2001 [19]. Slightly over half the infected population
are women and 2.1 million are children. It resulted in about 1 million deaths in 2016, down
from a peak of 1.9 million in 2005 [52]. In 2008 in the United States approximately 1.2 million
people were living with HIV, resulting in about 17,500 deaths. The US Centers for Disease
Control and Prevention estimated that in 2008 20% of infected Americans were unaware of
their infection. As of 2016 about 675,000 people have died of HIV/AIDS in the USA since the
beginning of the HIV epidemic. In the United Kingdom as of 2015 there were approximately
101,200 cases which resulted in 594 deaths. South & South East Asia is the second most
affected; in 2010 this region contained an estimated 4 million cases or 12% of all people living
with HIV resulting in approximately 250,000 deaths. Approximately 2.4 million of these cases
are in India [52]. Sub-Saharan Africa is the region most affected. In 2010, an estimated 68%
(22.9 million) of all HIV cases and 66% of all deaths (1.2 million) occurred in this region. This
means that about 5% of the adult population is infected and it is believed to be the cause
of 10% of all deaths in children. Here in contrast to other regions women compose nearly
60% of cases. South Africa has the largest population of people with HIV of any country
in the world at 5.9 million. Life expectancy has fallen in the worst-affected countries due to
HIV/AIDS; for example, in 2006 it was estimated that it had dropped from 65 to 35 years
in Botswana. Mother-to-child transmission, as of 2013, in Botswana and South Africa has
decreased to less than 5% with improvement in many other African nations due to improved

access to antiretroviral therapy [52]. Accurate data on the number of Ethiopians who have



died of HIV/AIDS in the last three decades are hard to know, but according to an estimate
by the Federal HIV/AIDS Prevention and Control Office (FHAPCO), there were on average
19,743 deaths every year, which left behind about 247,250 children orphaned [42]. Following
its official discovery in 1984, HIV/AIDS has seen a rapid spread all over Ethiopia, putting the
lives of millions at risk directly or indirectly. Owing to lack of awareness, similar trend is seen
in many countries in Africa and Asia. Like many of these countries, Ethiopia’s fight against
HIV/AIDS is one of the few highly paid for projects by western donors, which includes the
over US$2 billion contribution by the U.S. government through its program called ‘President’s
Emergency Plan for AIDS Relief (PEPFAR), making it the ever largest donation coming to the
country for HIV/AIDS purpose. Owing to similar coordinated efforts, the spread of the virus
has seen a decline over the last two decades especially in urban areas. As data from FHAPCO
indicates that there are over 718,550 people living with HIV in Ethiopia alone, a little over
1.18% of the population [42]. The 2016 Ethiopian Demographic Health Survey (DHS) reveals
that around 56% of the women and 55% of the men among the surveyed household have never
been tested for HIV, an indication the current number of HIV positives in the country could be
a lot more had all the population been tested. And, despite the existence of the large number
of people living with HIV /AIDS, only 72% of them are thought to be aware that they are living
with the virus; the remaining 28% think they are not infected. When measuring the prevalence
of HIV women tend to be more vulnerable than men. Of all the HIV positives in Ethiopia,
39% are men while women account for the remaining 61%, of which 25% of are commercial sex
workers [42]. According to the FHAPCO, 27,288 people were known to have been infected by
HIV during the 2009 Ethiopian calendar; 16,021 (59%) were women whereas 11,267 (41%) were
men. Among the three million pregnant women who are receiving medical follow up currently,
around 27,000 of them are HIV positives [42]. Gender-based violence (GBV) is another major
factor contributing to increase numbers among women at risk of contracting HIV. The 2016
Ethiopian DHS report shows that among all the gender based violence in 2016, 7% of them
were sexual, and one in 10 women among the surveyed experienced sexual violence. The report
also mentions divorced, separated and widowed women as the most affected by sexual violence,
compared to married women [42]. HIV/AIDS has become a chronic rather than an acutely

fatal disease in many areas of the world [62].



1.1 Research Problem

One STD that many people are worried about getting is HIV/AIDS which is nowadays con-
sidered as the greatest public health disaster of modern time. Its progression has challenged
the global population for decades. Through mathematical modeling, researchers have studied
different interventions on the HIV pandemic, such as treatment, education, condom use, and
those focuses on different compartmental models with emphasis on the effect of public health
education. As a motivation for this research, it is important not to let our arms down in
our efforts to prevent and control the HIV/AIDS epidemics in our countries. If mathematical
models based on the different mode of transmission mechanism of HIV/AIDS might help the
medical and scientific community to understand better how the disease spreads in the commu-
nity then we have to support it. Even though the actual data needed for the models might not
be accurate or even available, such modeling is still vital in investigating how changes in the
various assumptions and parameter values affect the course of the epidemic. So we would like to
analyze a deterministic mathematical model analysis on the spread and control of HIV/AIDS
under different modes of transmissions and inflow of immigrants. In this thesis we responded

the following research questions.

e What is the most influential parameter that helps the spread of HIV/AIDS in the com-

munity?

e What is the most influential parameter that helps us to control the spread of HIV infection

based on the real data taken from Ethiopia?

1.2 Objectives of the study

1.2.1 Main Objective of the Study

In this thesis the main objective is analyzing a Mathematical model on different modes of

transmission of HIV infection, age structure and inflow immigrants in Ethiopia.



1.2.2 Specific Objectives of the Study

The specific aims of this study are as follows:
e To identify the model assumptions on the dynamics of HIV infection.
e To construct flow charts based on the assumptions.
e To develop a dynamical system of HIV/AIDS infection.
e To determine equilibrium points for the dynamical system.
e To analyze stability of equilibrium points.
e To identify the basic reproduction number.
e To determine the control parameters on the spread and control of HIV/AIDS infection.

e To identify the most sensitive parameters.

1.3 Significance of the study

The goal of HIV infection control programme is to decrease morbidity and mortality due to
this disease and prepare planning to control transmission of HIV infection in the community.
Understanding the dynamic of HIV/AIDS is a key to the control of the epidemic. The study
will give insight into dynamics of HIV which is crucial in the control of the disease. Further,
the findings of this study will be of great benefit to the public health sector, the community
and NGOs. It will be also helpful in policy formulation, planning, budgeting, resource alloca-
tion and making appropriate decisions in control and prevention of the diseases and able to
prescribe proper interventions. The study will also add to the existing body of knowledge on
mathematical application in the field of epidemiology.

This thesis is organized as follows:

First, in Chapter two, we presented the literature review and related materials.

Next, in Chapter three, we explain and discuss about the methodology we used in the study.
In Chapter four, the focus is developing a mathematical model for treatment and inflow infec-
tive immigrants on the Dynamics of HIV/AIDS and analyzed analytically. Here finding the
reproduction number and stability analysis of equilibrium points are discussed.

In Chapters five, we investigate a mathematical model analysis on Dynamics of HIV/AIDS
with age structure and inflow immigrants in Ethiopia. The focus of these chapter is finding the
reproduction number and stability analysis of equilibrium points.

In Chapter six, we investigate numerical simulation and sensitivity analysis of a mathematical



model developed and discussed under Chapter four. Here we also identify the most sensitive
parameters.

In Chapter seven, we investigate numerical simulation, parameter estimation and sensitivity
analysis of a mathematical model developed and discussed under chapter five. Here we also
identify the most sensitive parameters using data taken from Ethiopia.

Finally, we conclude and recommend the thesis in Chapter 8.



Chapter 2

Literature Review

2.1 Origin of HIV

Both HIV-1 and HIV-2 are believed to have originated in non-human primates in West-central
Africa and were transferred to humans in the early 20th century [102]. HIV-1 appears to have
originated in southern Cameroon through the evolution of SIV (cpz),a simian immunodefi-
ciency virus (SIV) that infects wild chimpanzees (HIV-1 descends from the SIVepz endemic in
the chimpanzee subspecies Pan troglodytes troglodytes) [37]. The closest relative of HIV-2 is
SIV(smm), a virus of the sooty mangabey, an Old World monkey living in coastal West Africa
(from southern Senegal to western Cote d’Ivoire) [96]. There is evidence that humans who par-
ticipate in bush meat activities, either as hunters or as bush meat vendors, commonly acquire
SIV [61]. However, SIV is a weak virus which is typically suppressed by the human immune
system within weeks of infection. It is thought that several transmissions of the virus from in-
dividual to individual in quick succession are necessary to allow it enough time to mutate into
HIV. Furthermore, due to its relatively low person-to-person transmission rate, SIV can only
spread throughout the population in the presence of one or more high-risk transmission chan-
nels, which are thought to have been absent in Africa before the 20th century. An alternative
view holds that unsafe medical practices in Africa after World War II, such as unsterile reuse of
single use syringes during mass vaccination, antibiotic and anti-malaria treatment campaigns,

were the initial vector that allowed the virus to adapt to humans and spread [18].



2.2 Stages of HIV infection

There are four main stages of HIV infection.

The first stage of HIV infection is called primary infection. Primary infection begins shortly
after an individual first becomes infected with HIV. This stage lasts for a few weeks. Dur-
ing this period, individuals experience symptoms similar to the flu. Very few individuals seek
treatment during this time, and those who do are usually misdiagnosed with a viral infection.
Often, if an HIV test is performed, it will come back negative, since antibodies are not yet
being produced by the individual’s immune system [53]. Since antibodies have not yet devel-
oped, HIV continues to replicate and results in very high levels of the virus [4]. In the first few
weeks after being infected, infected individuals are highly infectious. At this stage there is a
large amount of HIV in the peripheral blood (the blood in the circulating system not in the
lymphatic system, bone marrow, liver or spleen), around 106 copies of virus per pul of blood.
Antibodies and cytotoxic lymphocytes start being produced as a response to the virus which is
known as seroconversion. At this stage about 20 percent of people who are HIV positive show
symptoms which are not mild. However, the diagnosis of HIV infection is missed at this stage.
Those who believe they have been exposed to HIV should repeat the test after six months.

In the second stage, individuals are free from any symptoms of HIV although there may be
swollen glands. Levels of HIV in the blood are very low, but are detectable. If an HIV test is
performed, it will show positive. While the individual is asymptomatic, the HIV in their blood
is reproducing constantly. This stage lasts about ten years, but can be much longer or shorter
depending on the individual and is characterized by a CD4+ count around 500 cells ul.

In the third stage, the immune system has become so damaged by HIV that symptoms begin
to appear. As a result, it leads to greater CD4+ cell destruction and the immune system is not
able to keep up with replacing the CD4+ cells that are lost. As the immune system fails, symp-
toms start to develop, Robertson [58]. Symptoms are typically mild at first, and then slowly
become more severe. Opportunistic infections, infections that take advantage of the immune
system’s vulnerable state, begin to occur. These infections affect almost all the systems of the
body and include both infections and cancers. Some common opportunistic infections include
tuberculosis, cytomegalo virus, and shingles. In this stage HIV infection is often characterized
by multi-system disease and infections in almost all body systems. Treatment for a specific
infection or cancer is often carried out, however the main cause is the action of HIV as it attacks

the immune system. Unless HIV itself can be reduced, immune suppression will continue to be



weaker.

In the fourth and final stage, a person is diagnosed as having AIDS. The progression to AIDS
can be characterized by having a CD4+ count of 200 per ml or below, while the normal situation
is around 1000 per ml. At this stage, the infected individual is likely to develop opportunistic
infections in their respiratory system, gastro-intestinal system, central nervous system and on
the skin as well. Once a person is diagnosed with AIDS, the AIDS status is permanent [58].
A blood test can determine if a person is infected with HIV, but if a person tests positive for
HIV, it does not necessarily mean that the person has AIDS. A diagnosis of AIDS is made by
a physician according to the CDC AIDS Case Definition. A person infected with HIV may
receive an AIDS diagnosis after developing one of the CDC-defined AIDS indicator illnesses. A
person with HIV can also receive an AIDS diagnosis on the basis of certain blood tests (CD4+
counts) and may not have experienced any serious illnesses.

Prognosis varies between people, and both the CD4 count and viral load are useful for predicted
outcomes. Without treatment, average survival time after infection with HIV is estimated to
be 9 to 11 years, depending on the HIV subtype [52]. After the diagnosis of AIDS, if treatment

is not available, survival ranges lies between 6 and 19 months [73].

2.3 Epidemiology

One of the most important reasons that developed countries have become as productive as
they are today is that the population remains healthy and disease free. This essential task
is performed by each country’s health department and is carried out by individuals known as
epidemiologists. Without their efforts and their coordination with others in the medical field,
it would be very difficult if not impossible to obtain current information regarding important
diseases, methods of transmission, methods of control, and the like. Furthermore, information
on the incidence or prevalence of diseases and statistics on morbidity and mortality rates, all of
which are essential to physicians and other medical personnel to help control and understand
diseases, would not be available without the efforts of the epidemiologists [13].

Ronald Ross (May 13, 1857 September 16, 1932) was an English physician. Ross was a pioneer
in developing mathematical models for the study of epidemiology. Anderson Gray McKendrick
(September 8, 1876 - May 30, 1943) Scottish physician and epidemiologist was another pioneer
in the use of mathematical methods in epidemiology. McKendrick’s career as a mathematical

epidemiologist began in India. In 1914 he published a paper in which he gave equations for



the pure birth process and a particular birth-death process. After his return to Scotland he
collaborated with W. O. Kermack on a notable series of papers. The first paper (1927) gave
the differential equations for a deterministic general epidemic [99]. It is important to mention
that modeling is very crucial in epidemiology since in most cases we cannot do experiments.
HIV is transmitted by three main routes: sexual contact, blood and blood products, and from
mother to child. There is no risk of acquiring HIV if exposed to nasal secretions, saliva, spu-
tum, sweat, tears, urine, or vomit unless these are contaminated with blood [63]. The most
frequent mode of transmission of HIV is through sexual contact with an infected individual.
Globally, the most common mode of HIV transmission is via sexual contacts between people
of the opposite sex; however, the pattern of transmission varies among countries. As of 2014,
most HIV transmission in the United States occurred among men who had sex with men [52].
The viral load of an infected person is an important risk factor in both sexual and mother-to-
child transmission [§]. During the first 2.5 months of an HIV infection a person’s infectiousness
is twelve times higher due to the high viral load associated with acute HIV [27]. If the person
is in the late stages of infection, rates of transmission are approximately eight fold greater [16].
The second most frequent mode of HIV transmission is via blood and blood products. Blood-
borne transmission can be through needle-sharing during intravenous drug use, needle stick
injury, transfusion of contaminated blood or blood product, or medical injections with unster-
ilized equipment.

Among blood & blood product transmissions, HIV is transmitted in about 93% of blood trans-
fusions using infected blood [52]. In developed countries the risk of acquiring HIV from a blood
transfusion is extremely low (less than one in half a million) where improved donor selection
and HIV screening is performed; for example, in the UK the risk is reported at one in five
million and in the United States it was one in 1.5 million in 2008. In low income countries,
only half of transfusions may be appropriately screened (as of 2008), and it is estimated that
up to 15% of HIV infections in these areas come from transfusion of infected blood and blood
products, representing between 5% and 10% of global infections. Although rare because of
screening, it is possible to acquire HIV from organ and tissue transplantation [52].

Unsafe medical injections play a significant role in HIV spread in sub-Saharan Africa. In 2007,
between 12% and 17% of infections in this region were attributed to medical syringe use. The
World Health Organization estimates the risk of transmission as a result of a medical injection
in Africa at 1.2%. Significant risks are also associated with invasive procedures, assisted deliv-
ery, and dental care in this area of the world [97].

HIV can be transmitted from mother to child during pregnancy, during delivery, or through



breast milk, resulting in the baby also contracting HIV. This is the third most common way in
which HIV is transmitted globally. In the absence of treatment, the risk of transmission before
or during birth is around 20% and in those who also breastfeed 35% [4]. With appropriate
treatment the risk of mother-to-child infection can be reduced to about 1% [4]. Preventive
treatment involves the mother taking antiretroviral during pregnancy and delivery, an elective
caesarean section, avoiding breastfeeding, and administering antiretroviral drugs to the new-
born [58]. Antiretroviral when taken by either the mother or the infant decreases the risk of
transmission in those who do breastfeed.

If a woman is untreated, two years of breastfeeding results in an HIV/AIDS risk in her baby
of about 17%. Treatment decreases this risk to 1% to 2% per year. Due to the increased risk
of death without breastfeeding in many areas in the developing world, the World Health Orga-
nization recommends either the mother and baby being treated with antiretroviral medication
while breast feeding is continued or the provision of safe formula. Infection with HIV during

pregnancy is also associated with miscarriage [52].

Epidemiology is the scientific study of epidemics and epidemic diseases, especially the factors
that influence the incidence, distribution, and control of infectious diseases occurrence in human
populations. It is possible to mathematically model the progress of most infectious diseases to
discover the likely outcome of an epidemic or to help manage them by different control pro-
grams. In the early 20th century, mathematical methods were introduced into epidemiology
by Ronald Ross [98], Anderson, Gray, McKendrick [I13] and others. In the study of a disease,
all of them had some quantitatively and qualitatively questions to answer: how many people

have it?, where are these people?, how many new cases develop?, and how to control the disease?

During the development of epidemiology modeling in the population, deterministic (compart-
mental) models played a central role. Several papers are done with the deterministic mathe-
matical model which has the central roles among those the deterministic model has been used
in, [14], [31], [33], [36], [42], [43], [65] and so on. Such models divide the population into ho-
mogeneous sub-populations. The models that are labeled by SI, SIS, SEIS, and SEIR are
mostly used where the sub-populations are Susceptible, Exposed, Infected and Recovered or

Removed.
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In [31], Nyabadza et al. looked at a model of HIV/AIDS that examine the diminution in infec-
tion by promoting a change in sexual behavior through public health information campaigns
and individuals with AIDS to abstain from sexual activities. They considered a sexually active
population N(¢), at time ¢. In the absence of treatment and other post-exposure intervention,
an adult individual’s survival can be modelled using the four stage model of HIV disease pro-
gression, with the four stages corresponding to the WHO Clinical Staging System. Depending
on the infection stage, they subdivide the population into subclasses (compartments): suscep-
tible S(¢), asymptomatic infective [;(¢) (infectious individuals who do not show symptoms of
the disease), symptomatic infective I(¢) (HIV infected individuals who show symptoms of the
disease) and those with full blown AIDS A(t), who are assumed to be active in spreading the in-
fection. The mode of transmission is assumed to be via heterosexual contacts as this represents
the single major primary mode of HIV infection globally, especially in the worst affected regions
of the world. Our sexually active population is thus given by N(t) = S(t)+ I (t) + Ix(t) + A(¢).
Each susceptible individual is considered to be equally likely to be infected by an infectious
individual, i.e, the population mixes homogeneously. All parameters of the model are assumed
positive. The recruitment rate of susceptible individuals is given by ub where b is total pop-
ulation and p is natural death rate. The transfer rate from the asymptomatic compartment
to the symptomatic compartment is ¢. The removal rate of the symptomatic infective as they
develop AIDS is given by p. The disease-related death rate is given by . From assumptions
they developed flow diagram and the dynamical system. Through analysis they obtained the
reproduction number. The model can be used to quantify the role played by media campaigns

and how they can possibly reduce the prevalence of the disease.

The HIV/AIDS epidemic in resource limited communities has been studied by Bhunu et al.
in [I7] they attempted to evaluate the impact that an increase in the fraction, through some
social means, of sexually inactive HIV positive individuals has on the HIV/AIDS epidemic in
sub-Saharan Africa. They developed a model of HIV/AIDS including separate classes of known
HIV status and sexual activity levels, which are affected by HIV/AIDS education programs.
The entire population is divided into the following sub-group compartments: the susceptible
(S); the people who are HIV positive and do not know their status (1;) ; the people who are
HIV positive and know their status and reduce their risky sexual behavior as result knowing
their status (I5); the people who are HIV positive and know their status and have increased

their risky sexual behaviour as a result of knowing their status (I3);HIV positive people who
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are sexually inactive (I;); AIDS patients (A). It is assumed that the sexually inactive HIV
positive individuals are no longer infectious. Their focus is mainly on testing and abstinence
or voluntary withdrawal from sexual activity as soon as the individual is aware of his status.
They also assume that all individual with the terminal form of AIDS are too sick to engage
in sex and therefore do not contribute to the HIV/AIDS disease transmission dynamics. The
total human population is given by N(t) = S(t) + I1(t) + I2(t) + I3(t) + 14(t) + A(t). They
note however that including the inactive classes I, and A into the total population does not
alter the dynamics of the model. Individuals are recruited into the human population through

birth at a constant rate A. Susceptible (S) are infected with HIV following unprotected sexual

contact with an infected individual at a rate A where A(t) = 2 C(Il(t)+¢}f?t()t)+¢213(t)) with (3 being
the probability of getting infected per sexual contact; c is the effective contact rate; ¢1€(0, 1)
models the effect of a positive behavioural change as a result of knowing one’s HIV positive
status while ¢ > 1 accounts for increase in risky behaviour as a result of knowing one’s HIV
positive status. After infection with HIV, susceptible individuals infected with HIV will move
into the class of HIV infected people not knowing their status (7). Individuals in the class (1;)
will know their HIV status at a rate delta through testing and counseling. A proportion f of
HIV positive people knowing their status will move into the class I, and the complementary
(1— f) will move into the class I3 , respectively. HIV positive individuals who know their status
will move into the sexually inactive class I, at a rate 6. For simplicity, they assume the same ¢
value in both I, and I3 classes. HIV positive people in classes [y, I5, I3 and I progress to the
AIDS class (A) at a rate p. In all classes individuals experience natural death at a constant
rate p which is proportional to the number in each class. Individuals in the AIDS class have
an additional disease-induced death rate v. Using the above information they developed flow
diagram and the dynamical system. They obtained the reproduction and computed some rele-
vant sensitivity indices of the reproduction number which measures initial disease transmission
in order to quantify their impact on the disease dynamics. They also evaluated the impact of
the increased fraction of sexually inactive HIV positive individuals on the HIV epidemic. The
elasticity of Ry with respect to 8 which measures the effect a change in 0 has as a proportional
change in Ry. It is therefore evident that the abstinence rate 6 (voluntary withdrawal from
(risky) sexual behavior of HIV positive individuals) has a significant impact on the disease
transmission. The authors suggested in their research that effective counseling and testing will
be able to control the HIV/AIDS epidemic. They also suggested that giving free antiretroviral
drugs to HIV positive individuals who change their sexual behavior and have withdrawn from

sexual contacts may be an effective tool to control the epidemic.

12



A simple deterministic HIV/AIDS model incorporating condom use, sexual partner acquisi-
tion, behavior change and treatment as HIV/AIDS control strategies has been formulated by
Nyabadza et al. in [33], the sexually active population at any time (t) is stratified into those
that are screened through HCT and those that are not. The population is divided into seven
compartments of those that are susceptible and not screened S, (t), susceptible and screened
Ss(t), infected and unscreened I,(t), infected and screened I(t), under treatment Ir(t), who
would have developed AIDS and not screened A,,(t), and those who would have developed AIDS
but having been screened A4(t). Using their assumption they developed the flow diagram that
describe population movements between compartments and dynamical system. They calcu-
lated the sensitivity indices of Ry, for each model parameter and obtained the most sensitive

parameter.

In [54], a population of size N(t) at time ¢ with constant inflow of susceptible at a rate @
is studied. The population size is divided into four subclasses, susceptible (), infective (1)
also assumed to be infectious, both pre-AIDS patients (P) and AIDS patients (A) are assumed
to be sexually inactive, and therefore non-infectious. The natural mortality rate is v in all
classes and the disease induced death rate is o in the AIDS patients class. In addition, [ is a
sexual contact rate, ¢ is the number of partners per individual and p is the rate of movement
of pre-AIDS class individuals into AIDS class. It is also assumed that the susceptible become
HIV infected via sexual contacts with infective which may also lead to the birth of infected
children. It is assumed that a fraction of new born children are infected at birth, and hence are
directly recruited into the infective class with a rate (1 — €)f and others die effectively at birth
(0 < e < 1). Not only vertical transmission is considered for direct recruitment of infected
persons within the population, but also infected immigrants are recruited directly into both
infective and pre-AIDS patients classes. Consequently, m(1 — 7)I is the recruitment rate of in-
fective immigrants into the population and mx[ is the recruitment rate of pre-AIDS immigrants
into the population. It is also assumed that some of the infective move to join pre-AIDS class,
depending on the viral counts, with a rate 00 and others with serious infection directly join
the AIDS class with a rate (1 — ¢)d, where (0 < ¢ < 1). The interaction between susceptible
and infective is assumed to be of standard mass action type.Based on the above assumption

they developed flow chart and dynamical system.Then they computed reproduction number
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and analyzed their result.

HIV is one of the major life-threatening viruses that are spreading in the People’s Republic of
China. A susceptible exposed in the latent stage-infectious (SEI) model was established to
sketch the evolution of epidemic. They divided the total population at time t into three mutually
exclusive classes: susceptible individuals S(¢) and undiagnosed individuals E(¢) in the latent
period and infected individuals I(¢) who have been diagnosed. Hence, N(t) = S(¢t)+ E(t)+1(t).
Based on their assumption they developed flow diagram and ordinary differential equations for
transmission dynamics of HIV/AIDS. By constructing Lyapunov function, globally asymptot-
ical stabilities of the disease-free and endemic equilibria were given. Through the HIV/AIDS
data in China, all parameters involved in SEI model were analyzed and parts of them were

estimated [I18].

In order to find out the effect of human (sexual) behavior change and immigration in spreading
the HIV/AIDS, a deterministic model of HIV/AIDS with infective immigration is formulated
[72]. They divided the sexually active population N(t) into six compartments, namely, sus-
ceptible individuals S(t), infected individuals who unaware of their HIV/AIDS infection I;(t),
infected individuals who aware of their HIV/AIDS infection I5(t), infected individuals who re-
ceive treatment 7'(t), full-blown AIDS group A(t) and removed class R(t) at any time t. The
model is formulated based on following assumptions.

e Since their purpose in this model is to see what effect the human behavior (including move-
ment, sexual habits) can play in the dynamics of HIV/AIDS disease, they avoid to consider
detailed clinical stages of HIV/AIDS infection, instead they classed the population in two
ways, uninfected and infected group. Uninfected group divided into two different compart-
ments according to their behavior towards safe sex. Infected individuals divided four different
compartments according to whether the infected individual aware of his/her HIV infection sta-
tus, whether the infected individual received treatment and whether the infected individual has
developed the last stage of the disease, the full blown AIDS.

e Susceptible individuals are assumed to get infected by sexual contact with both aware and
unaware infected individuals with different transmission rates. The assumption that aware
infected individuals also take part in the transmission process is based on the fact that some

aware infected individuals may practice low-efficiency safe sex measures (and a few of them
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may transmit the disease intentionally), and susceptible individuals may not be aware of the
infected situation of his/her partner, which make them more vulnerable to the disease. So the
new generated infected individuals by aware infective individuals are assumed to be not aware
of his/her infection at first and go to the unaware infected individuals class.

e The simplest conceptual framework based on homogeneous behavior gives us clear insights
into how community based chemotherapy can influence epidemiological pattern and transmis-
sion success. Here the mixing of susceptible with infective is considered to be homogeneous
and accordingly the incidence rate is assumed to be bilinear.

e All new born are susceptible, i.e., in our model vertical transmission do not account for.

e We assumed that individuals in the treatment class not only to receive the ART, but also to
be served with knowledge about the HIV/AIDS disease so that they were persuaded to avoid
unsafe sexual behaviors. Full-blown AIDS individuals are assumed too ill to sexually active,
so the susceptible do not get infected through sexual contacts with individuals from these two
groups.

e Inclusion of compartment R: It is true that an appreciable number of people are now chang-
ing their sexual habits sufficiently due to the awareness of the widespread nature of disease in
society, the monumental deaths resulting from the disease, increasing knowledge of the agony
and psychological trauma experienced by the infected individuals, and better enlightenment
due to intense HIV/AIDS educational campaigns. Based on the above assumption they de-
veloped flow diagram and dynamical system.They obtained basic reproduction number. The
geometrical approach is used to obtain the global asymptotic stability of endemic equilibrium.
Their numerical findings were illustrated through simulations using MATLAB, which shows

reliability of their model from the practical point of view.

The work done by [104], the mathematical modeling of the spread of HIV / AIDS disease
among the population requires the whole human population to be divided in to four classes.
The whole of the human population at any time t is a variable and is denoted by N(¢). The
four classes are as follows: (i) susceptible class the population size of this class at any time t
is denoted by S(t). The susceptible human has not yet infected by the disease but likely to
get infected in future. (ii) Unaware infective class the population size of this class at any time
t is denoted by [;(t). The unaware infective humans have already infected by the disease but
they do not know that they were already infected. (iii) Aware infective class the population

size of this class at any time t is denoted by I5(t). The aware infective humans have already

15



infected by the disease and they know that they were already infected and (iv) AIDS class the
population size of this class at any time t is denoted by A(t). The AIDS class people are already
AIDS patients. They assumed that the people are recruited into susceptible class at a constant
rate of (Jp. This recruitment into the susceptible class is due to natural births. The people of
susceptible class are likely to become infected through sexual contact with the people of I;(?)
and I,(t) classes. Thus, people from S(t) will go to I;(t) with a rate of[(81]; + B215)(%)]. Here
the parameters 5, and (5 are the probabilities per one contact with which the disease trans-
mits to susceptible people by unaware and aware infective humans respectively. In this model
they considered f; > f5. That is, the probability of transferring the disease to susceptible
population by unaware infected person is more than by aware infected person. People of S()
after getting infected will initially go to I;(¢) but not to I5(¢). This is because, all the infected
people are assumed to be initially unaware of the infection. Then based on their assumption
they developed flow diagram and a system of nonlinear ordinary differential equations. By

analyzing the system they obtained the reproduction number Rj.

In [10], they considered four compartments of the relevant population: the susceptible popula-
tion, S(t), the undiagnosed HIV-infected population, X (¢), the diagnosed HIV-infected popu-
lation, Y'(¢), and people diagnosed with AIDS, Z(t). They assumed that the population can be
partitioned into homogeneous sub population or compartments such that all individuals in a
given compartment have the same intrinsic epidemiological properties. Their model reflected,
members of the susceptible population are transmitted to the undiagnosed HIV-infected popu-
lation by a rate of a, decreased by natural death rate p, move to the diagnosed with AIDS class
at a rate of 8 and increased by constant recruitment rate of \. Members of the undiagnosed
HIV-infected population infected by sexual transmission move to the diagnosed class in two
ways: one is through contact tracing a rate of a and the other is through a linear term that
represents random or voluntary testing a rate of k and decreased by natural death rate p and
move to the diagnosed with AIDS class at a rate of 8. The diagnosed with AIDS class decreased
by mortality rate of the population with AIDS ji. In addition, they assumed that transmission
via the diagnosed HIV-infected population and the AIDS population are negligible because of
Cuba’s extraordinarily successful health care system. In regard to the transmission dynamics
in Cuba, 99% of the infections are through sexual intercourse and so, they neglected infection
by nonsexual transmission. From the given assumption they presented schematic diagram and

dynamical system. Finally they analyzed the system and put their results.
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The transmission of Human Immunodeficiency Virus (HIV) that causes the Acquired Immuno
Deficiency Syndrome (AIDS) is strongly associated with unprotected sex and at the present
understanding this epidemic can reach higher prevalence threshold level when there are ex-
tensive sexual contacts between the sex workers and general population. In [80], the authors
investigated a nonlinear model for studying the transmission dynamics of HIV/AIDS epidemic
with emphasis on the role of female sex workers. Here, they considered only the heterosex-
ual transmissions of HIV/AIDS and formulate the mathematical model by dividing the total
adult population under consideration into three different classes: male, female and female sex
workers. They assumed different rates of recruitment for different classes of the population.
The equilibria of the model and their stability are discussed in detail. The basic reproduction
number R, of the model is computed and it is shown that the disease-free equilibrium is stable
only when Ry < 1. When the associated reproduction number Ry > 1, the endemic equilibrium
is globally stable. Finally, the numerical simulations are reported to support the presented

analytical results.

In reference [70], they developed the following assumptions: Susceptible children increased by
rate of birth by, decreased by mortality rate g and decreased by the proportion of babies born
with HIV from HIV infected mothers by the rate b;v and the proportion of uninfected chil-
dren who survive the developmental stage of 0 up to a by the rate e=9®b,. Infected children
increased by the proportion of babies born with HIV from HIV infected mothers by the rate
byv, decreased by natural child mortality rate g and infected children progress to AIDS by
the rate m. The AIDS Cases of children increased by the rate m from infected children and
decreased by natural child mortality rate g and disease related death rate d. The susceptible
adults increased by the rate e~@¥b; and decreased by the natural death rate p, proportion
of vaccinated a and sexual interaction with infected adult class and infected adult class who
receive treatment at the rate of [ic; and Pycy respectively where (37 is the per partnership
transmission probability of a normal infective who is not treated, fy is the per partnership
transmission probability of an infective who is treated and counseled. c; is the average number
of new sexual partners acquired per unit time by those infected but not yet counseled and
treated and ¢y is the average number of new sexual partners acquired per unit time by those

counseled and treated. The vaccinated adults increased by (« — §) proportion of susceptible,
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decreased by (1 — 6) proportion of sexual interaction with infected adult class and infected
adult class who receive treatment at the rate of f1c; and (acy respectively and decreased by
the natural death rate u. The removed adults increased by & proportion of susceptible and
decreased by the natural death rate . The infective adults increased by sexual interaction of
susceptible adults with infected adult class and infected adult class who receive treatment at
the rate of 51¢; and Pacy respectively and (1 — @) proportion of sexual interaction of vaccinated
adults with infected adult class and infected adult class who receive treatment at the rate of
[Brcq and Pacy respectively and decreased by proportion of the infective receiving treatment e,
the rate at which the infective who do not receive treatment progress to HIV/AIDS 7 and the
natural death rate . The infected adults who receive treatment increased by proportion of the
infective receiving treatment ¢ and decreased by the rate at which those treated progress to
AIDS X and the natural death rate p. The number of full blown AIDS Cases in adults increased
by the rate at which the infective who do not receive treatment progress to HIV/AIDS 7 and
the rate at which those treated progress to AIDS A, and decreased by the natural death rate
w1 and disease related death rate d. The transmission of HIV from an infective to a susceptible
is through heterosexual mode and vertical transmission, there is random mixing of individuals
within the population, AIDS cases has full blown symptoms and are easily noticeable and are
not sexually interacted with and as such, they don’t transmit the virus and do not give birth
to new born, individuals in group I comprise of sexually Immature children aged 0 up to a
years and therefore do not transmit the disease, the removed class are sexually interacted with
but are not infectious and are immuned, treatment is done in the adult group only, the vaccine
acts both as the ” Leaky type ” and the ” All or Nothing type ” of vaccine. Using the above
assumptions they developed the flowchart and dynamical systems. They analyzed the stability
of the Disease Free Equilibrium, in group II since it is this group that is sexually active and
responsible for the spread. They also assumed that the AIDS cases A(t) in the population
can easily be identified from the full blown symptoms and are not associated with sexually
and as such are not involved in the spread of the diseases. They used the proportions of the

populations to enable them study the steady states.

In [5], a nonlinear mathematical model is proposed and analyzed to study dynamics of HIV/AIDS
with treatment and vertical transmission. In modeling the dynamics, the population of size
N(t) at time ¢ with constant inflow of susceptible with rate 7N where 7 is the rate of recruit-

ment into susceptible population is divided into five groups: Susceptible S(t), infective I(t),
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(also assumed to be infectious), pre-AIDS patients P(t), treated class T'(t), and AIDS patients
A(t) with natural mortality rate p in all classes. They assumed that: the susceptible become
HIV infected via sexual contacts with infective which may also lead to the birth of infected chil-
dren. A fraction of new born children are infected during birth and hence are directly recruited
into the infective class with a rate (1 — €)6 and others die effectively at birth (0 < e < 1) where
€ is the fraction of newborns infected with HIV who dies immediately after birth and 6 is the
rate of newborns infected with HIV. They did not consider direct recruitment of the infected
persons but by vertical transmission only. It is also assumed that some of the infective join the
pre-AIDS class, depending on the viral counts, with a rate 010 where ¢ is the rate of movement
from infectious class and oy is the fraction of ¢ joining the pre-AIDS class. They then proceed
with a rate v to develop full blown AIDS. Some of the infective proceed to join the treated
class with a rate 090 where oy is the fraction of 9§ joining treated class and then proceed with
a rate k to develop full blown AIDS while others with serious infection directly join the AIDS
class with a rate (1 — o7 — 02)d. A Fraction of v is assumed to get treatment. To simplify
the model they assumed that the AIDS patients and those in pre-AIDS class are isolated and
sexually inactive and hence they are not capable of producing children and also they do not
contribute to viral transmission horizontally and are negligible. Taking into account the above
considerations, they prepared the schematic flow diagram and dynamical system. Analysis of
the model allows to determine the impact of treatment and vertical transmission on the trans-
mission of HIV/AIDS infection in a population and found the basic reproduction number. A
numerical study of the model has been conducted to see the effect of certain key parameters
on the spread of the disease. It is shown that by controlling the rate of vertical transmission,

the spread of the disease can be reduced significantly.

[95] They proposed a simple HIV/AIDS model which incorporates time delay during which a
newly born infected child attains sexual maturity and becomes infectious. In this model, the
sexually mature population is divided into three subclasses: the susceptible, the infective (also
assumed to be infectious) and the AIDS population whose numbers are denoted by S, I and
A. The number of total population is denoted by N(t), at any time ¢. In the model, they as-
sumed that the susceptible become HIV infected via sexual contacts with infective. It was also
assumed that all newborns are infected at birth. They did not consider direct inflow of other
infected persons except through vertical transmission as their purpose was to study the role of

delay, modeled as a period of sexual maturity of infected newborns. In the model, they have
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assumed that a fraction of infected newborns, who sustain treatment, joins the infective class
while the others, who do not sustain treatment, joins AIDS class after getting sexual maturity.
The infective through vertical transmission at any time ¢ is given by ~vel(t — 7), because those
infected at time (¢ — 7) becomes infectious at time 7 later, if they do not develop AIDS by
that time. The fraction of infective which develop AIDS during the period of getting sexual
maturity, if they survive the maturity period joins the AIDS class. However, for the model to
be biologically reasonable, it may be more realistic to assume that not all those infected will
survive after time 7 units, and this claim supports the introduction of the survival term e=%".
Thus, in their model the term ~yel(t — 7)e~%" represents the introduction of infective persons
who survive the maturity period 7 in which the time taken to become infectious is 7. Here
e~9" represents the probability that an individual survives the maturity period [t — 7,t] such
that 0 < e 9 < 1. It is also assumed that some of the infective move to AIDS class with a
rate coefficient d to develop full blown AIDS. Using the above assumptions they constructed
schematic diagram and developed system of nonlinear ordinary differential equations. From the
dynamical system they obtained the two equilibrium points namely infection-free equilibrium

and the endemic equilibrium and also they found the basic reproduction number and they did

the analysis of the two equilibrium points.

[68] To construct the model, they first divided the total population into a susceptible class of
size S and an infectious class before the onset of AIDS and a full-blown AIDS group of size
A which is removed from the active population. Based on the facts that the infectious period
is very long (> 10years), they further considered several stages of the infectious period. For
simplicity, they only considered two stages, the asymptomatic phase (/) and the symptomatic
phase (J). By all sorts of treatment methods, some individuals with the symptomatic phases
can be transformed into asymptomatic individuals. By introducing discrete time delay (onset
of treatment effects) to the model, they shall establish the delay differential equation model.
The model has schematic representation and they established dynamical system. Investigating
the systems, they obtained the basic reproduction number by the method of next generation
matrix. They also found a disease-free equilibrium and the endemic equilibrium and analyzed

their stability.

[92] Consider a population of size N (t) at time ¢ with constant inflow of susceptible at a rate ¢4
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and that of HIV infective at a rate (3 into the population. The population size N(t) is divided
into four subclasses of susceptible S(t), infective I(t) (also assumed to be infectious), pre-AIDS
patients P(t) and that of AIDS patients A(t) with natural mortality rate d in all the classes.
The susceptible become infected via sexual contacts with infective and with those in pre-AIDS
class. The total population N looses individuals at a higher rate from the class A than the oth-
ers. It may be noted that the individuals in pre-AIDS class may also interact sexually owing to
illiteracy, ignorance or other social factors especially in underdeveloped nations but the contact
rate may be very less in comparison to that of other infective (8° < f3) . It is also assumed that
a fraction €(0 < e < 1) of all infective i.e. €d] goes to pre-AIDS class depending on the level of
viral count) while the others with serious infection i.e. (1 —¢)dI directly join the AIDS class.
However, it is assumed that virtually all individuals in pre-AIDS class will ultimately develop
the disease to join AIDS class. Here 0 is the rate of movement from infectious class, so that
% denotes the average incubation period,5” and J are the contact rates of susceptible with in-
fective and pre-AIDS individuals respectively. With the above assumptions and considerations
they presented the flowchart and dynamical system. They analyzed the existence and stability
of the equilibrium points of the model systems. They showed the systems do not exhibit a
disease-free equilibrium due to direct inflow of infective at a constant rate. However, there ex-
ists only one non-negative equilibrium point of the model. This endemic equilibrium E* exists
when HIV infection persists in the population. They also considered model without inflow of
HIV infective including interaction with pre- AIDS, then the model exhibits two non-negative
equilibria namely the disease-free equilibrium and the endemic equilibrium. The disease- free
equilibrium Ej used to define the basic reproduction number Ry and they checked the stability
of Fy using Ry.

Reference [93], proposed and analyzed a nonlinear mathematical model to study the effect of
vaccination on the spread of HIV/AIDS in a homogeneously mixing population of variable size
has been studied qualitatively using stability theory of nonlinear differential equations. Here
the total population is divided in to four disjoint groups: Susceptible S(t), vaccinated V' (1),
infective I(t) and AIDS patients A(t). The model assumptions are:

- the susceptible become infected via sexual contacts with infective I(¢) and new infections are
generated at a rate §; with constant immigration rate )o and natural mortality rate d. The
susceptible population is vaccinated at a constant rate .

- the vaccinated population is generated when susceptible population gets vaccinated at a con-
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stant rate ®. The vaccine has the effect of reducing (but does not eliminate) the infection rate
by a factor of ¢. It is diminished by natural deaths at a rate d and by the vaccination wears
off at a rate 6.

- infected population is generated by the HIV infection of susceptible and some fraction of
vaccinated individuals by sexual contacts with infective. It is diminished by natural mortality
rate d and by the development of clinical AIDS at a rate 9.

- The population of individuals with clinical AIDS, A(t), generates when infective population
I(t) looses individuals with disease symptoms at a rate . This population suffers by natural
mortality at a rate d and by disease induced deaths at a rate a. Then they represented the
schematic diagram and developed dynamical system. The model incorporates three important
parameters, the vaccination campaign ®, measure of vaccine efficiency o and the rate at which
vaccine wears off §. It is found that a vaccination campaign ®, howsoever large, may fail to
eradicate the disease. However, if the vaccination strategy is such that R(®) < 1 < Ry (i.e.
o is low enough) then without vaccination HIV infection will persist in the population and

increasing the rate of vaccination would lead to ensure disease eradication.

In [94] they considered a population of size N(t) at time ¢ with constant inflow of susceptible
with a rate QQo. The population size N(t) is divided into four subclasses of susceptible S(t),
infective I(t) (also assumed to be infectious), pre-AIDS patients P(t) and AIDS patients A(?)
with natural mortality rate d in all the classes. In the model, they assume that the susceptible
become HIV infected via sexual contacts with infective which may also lead to the birth of
infected children. It is assumed that a fraction of new born children are infected at birth and
hence are directly recruited into the infective class with a rate (1 — €)@ and others die effectively
at birth (0 < e < 1). They did not consider direct recruitment of other infected persons but
by vertical transmission only. The interaction between susceptible and infective is assumed to
be of standard mass action type. It is also assumed that some of the infective move to join
pre-AIDS class,depending on the viral counts, with a rate ¢d and then proceed with a rate
i to develop full blown AIDS while others with serious infection directly join the AIDS class
with a rate (1 — o¢)d where 0 < ¢ < 1. To simplify the model, it is reasonable to assume
that the AIDS patients and those in pre-AIDS class are exposed and sexually inactive as they
are isolated and hence are not capable of producing children they also do not contribute to
viral transmission horizontally are taken negligible. It is remarked here that these assumptions

are valid in developed countries following stringent screening measures but may not be true
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in under developed nations due to poor medical facilities or the social stigma attached with
the disease. Using the above assumptions they constructed flowchart and developed dynamical
system. They analyzed the model and obtained the result that in order to reduce the spread of
the disease, the number of sexual partners as well as unsafe sexual interaction with an infective
is to be restricted. They also found that the disease becomes more endemic due to immigration.
If the rate of migration is restricted into susceptible community, the spread of the disease can
also be kept under control. The effect of an increase in disease-induced death rate is, however,

to decrease the AIDS patients population.

A model for the HIV-infection transmission in a male homosexual cohort analyzed by con-
sidering two types of infected individuals. Those that are infected but not under any sort of
clinical or therapeutical treatment and those who are under treatment. The two groups of in-
fective differ in their incubation time, contacts with the susceptible individuals, and probability
of transmission. The analytical results show that change in sexual behavior is important in
lowering prevalence and incidence rate and, eventually, in driving the population toward the

disease-free equilibrium [I15].

Mathematical models here serve as tools for understanding the epidemiology of Human Immun-
odeficiency Virus (HIV) and Acquired Immunodeficiency Syndrome (AIDS) if they are carefully
constructed. The research emphasis is on the epidemiological impacts of AIDS and the rate of
spread of HIV/AIDS in any given population through the numericalization of the Basic repro-
ductive rate of infection (Ry). Applicable Deterministic models, Classic Endemic Model (SIR),
Commercial Sex Workers (CSW) model, Dynamic model and Stability Analysis are explained.
The models show that AIDS disease progressively increases with years and it is thus concluded
that if the current trend is unchecked, a catastrophic AIDS epidemic (Pandemic) will occur in

the near future [82].

In [20], they proposed and analyzed a mathematical model for HIV/AIDS transmission with
varying population size in a homogeneously mixing population. The model subdivides the
human population into four mutually-exclusive compartments: susceptible individuals (.5);
HIV-infected individuals with no clinical symptoms of AIDS (the virus is living or developing

in the individuals but without producing symptoms or only mild ones) but able to transmit
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HIV to other individuals (7); HIV-infected individuals under ART treatment (the so called
chronic stage) with a viral load remaining low (C); and HIV-infected individuals with AIDS
clinical symptoms (A). They assumed that HIV-infected individuals with and without AIDS
symptoms, have access to ART treatment. HIV-infected individuals with no AIDS symptoms,]I,
progress to the class of individuals with HIV infection under ART treatment, C', at a rate ¢,
and HIV-infected individuals with AIDS symptoms are treated for HIV at a rate a. They also
assumed that HIV-infected individuals with AIDS symptoms, A, that start treatment, move
to the class of HIV-infected individuals, I, and will move to the chronic class, C, only if the
treatment is maintained. HIV-infected individuals with no AIDS symptoms, I, that do not
take ART treatment, progress to the AIDS class, A, at rate p. Only HIV-infected individuals
with AIDS symptoms, A, suffer from an AIDS induced death, at a rate d. These assumptions
represented by the flow chart and dynamical system. They analyzed the dynamics and obtained

the two equilibria.

Based on the above Literature review we developed the Mathematical model on the dynamics of
Human Immunodeficiency Virus/Acquired Immunodeficiency Syndrome (HIV/AIDS) infection
in Ethiopia.
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Chapter 3

Methodology

3.1 Data analysis

Mathematical modeling of complex biological systems can be mostly carried out in a deter-
ministic manner. Deterministic models of epidemiology are usually described by differential
equations. Of which are two types; ordinary differential equations and partial differential
equations. In this thesis, our models derived from ordinary differential equations. They were
analyzed by classifying their steady states. We now define and give theorems that are relevant

to the thesis.

3.1.1 Ordinary differential equations

Definition: (Ordinary differential equations)
An ordinary differential equation of order n is an equation which contains derivatives of an

2 3 mn
dy d7y d°y dyt):()

unknown function y(t) which is denoted as f(y, ¥, ¥, 55, - Gre

Definition: (System of ordinary differential equations)
A system of differential equations is a system which contains two or more number of differential
equations at the same time which is denoted as

dl’i
dt

= F(l’(t),t)

Where
w(t) = (1(t), 22(t), w3(t), ..., 2, (1))T
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F= (flaf?af&"'vfﬂ)T and fz = fl($1(t),l'2(t),$3<t),,l’n(t),t)

Definition: (steady states / equilibrium points)
The point X, in R" is an equilibrium point or steady state of the system of the first order

differential equation %X = F(X) is obtained by making ©X = 0 and satisfies F'(X,) = 0.

3.1.2 Stability of the steady states

Stability by linearization

For most dynamical systems the equilibrium point (fixed point) of a system of nonlinear dif-
ferential equations plays an important role in the analysis of the models, we therefore give the
definition of a fixed point and describe the analysis of the fixed point below. Let f : R* — R"
be a C' map and suppose that p is a point such that f(p) = 0. That is p is an equilibrium
point for the differential equation 3 (t) = f(y(t)). The linear part of f at p denoted by D f(p)

is the matrix of partial derivative at p. For ye R" we have

i (?/)
f2 (y)

fn (y)

The functions f; are called the components of f. We define

of1 of1 ¢
Tyl(p) 37,2(29) %(p)
o (1) Ok on
Df (p) = ayl'(P) 3y2'(p) B oun ()
RGN el (O NRRIE e ()

Called Jacobian matrix and the stability of a flow of a nonlinear system can be studied using
different approaches if this algebraic sign of the Eigenvalues of the Jacobian matrix is easily
identified. But if the algebraic sign of these Eigenvalues are not determined easily we can use

and we restrict our self to Routh-Hurwitz stability criterion.
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3.1.3 Routh — Hurwitz stability criterion

Finding the roots of the characteristic equation of the Jacobian matrix i.e. poles to determine
the stability of the system. In the analysis, the characteristic equations are mostly large and
complex. Hence it is difficult to simplify them into roots (like those of order 4 and above). For
such situations, Routh- Hurwitz Method provides an easy and quick method to determine the
stability without the need to disintegrate the characteristic equation. Routh- Hurwitz Stability
Criterion is based on ordering the coefficients of the characteristic equation into an array, also
known as Routh Array.

Suppose the characteristic equation of a Jacobian matrix of the system is given as:
Pr(N) = ap A" + G N AR L aN Fag=0

To determine whether this system is stable or not, we have to check the two necessary but not
sufficient conditions that all the roots have negative real parts:

(a) all the polynomial coefficients must be the same sign and

(b) all the polynomial coefficients must be nonzero.

Thus; if these condition are satisfied, then from the given equation, we will form Routh Array

as shown below:

A" ap, Ap—2 Qp—g Qp_g...
n—1

A ap—1 Ap-3 Gp-5 Qp_7-..
An—2 b1 ba b3 by...
A3 e

1 Co C3 Cq...
)\1
)0

Where the a;s are the polynomial coefficients and the coefficients in the rest of the table are
computed using the following pattern.
To determine whether this system is stable or not, check the following conditions:

1. Two necessary but not sufficient conditions that all the roots have negative real parts
are: all the polynomial coefficients must have the same sign and all the polynomial coefficients

must be nonzero. If this condition is satisfied then compute the Routh-Hurwitz array as follows

Gy, Qp—2

blz;l

— =1 _
An_1 _‘anil(anan—B an—2an—1)

ap—1 ap-3
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—1 _1
b2 - - a1 (a'nan—B - an—4an—1)

Ap—92 0Ap—¢g
by = P = a3 (%—2%—7 Gn—3an—6)
ap—3 OGp-7
Ap—1 Qp—3
= 3 = bf(anfle — biay,_3)
1 1
by by
Ap—1 Qp—5
. 1 n n - -1
C2 = 37 = T(Gn—lbg —b1ay_s5)
1 1
by b

2. The necessary condition that all roots have negative real parts is that all elements of
the first column of the array have the same sign. The number of changes of sign equals the
number of roots with positive real parts.

3. Special case 1: The first element of a row is zero, but some other elements in the row are
nonzero. In this case, simply replace the zero elements by €, complete the table development,
and then interpret the results assuming that € is a small number of the same sing as the element
above it. The results must be interpreted in the limit as e — 0.

4. Special case 2: All the elements of a particular row are zero. In this case, some of the
roots of the polynomial are located symmetrically about the origin of the plane. e.g: a pair of
purely imaginary roots. The zero row will always occur in a row associated with an odd power
of A\. The row just above the zero row holds the coefficients of the auxiliary polynomial. The
roots of the auxiliary polynomial are the symmetrically placed roots. Be careful to remember

that the coefficients in the array skip powers of A from one coefficient to the next.

3.1.4 Basic Reproduction Number

Two important concepts in modeling outbreaks of infectious diseases are the basic reproduction
number, universally denoted by, and the generation time (the average time from symptom onset
in a primary case to symptom onset in a secondary case), which jointly determine the likelihood
and speed of epidemic outbreaks.

In studying any epidemiological model: Identifying the threshold value is extremely important.
This threshold quantity which determines whether an epidemic occurs or the disease simply
dies out. This quantity is called the basic reproduction number, denoted by Ry which can be
defined as the number of secondary infections caused by a single infective introduced into a

population.
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It is a concept in the epidemiology of infectious diseases and is a measure of how infectious a
disease is, and is required if you wish to calculate how many people you need to vaccinate if you
are to achieve. When somebody gets an infectious disease, they may pass it on to nobody else, or
they may infect one, two or more other people, who become secondary cases. The reproduction
number usually denoted by Ry, is the average or mean number of secondary cases caused by
each case of an infectious disease, during the infectious period [67]. Basically the reproduction
number will depend on a large number of factors, including: How the infectious organism is
spread? Behaviors which affect the likelihood of spread such as social mixing, sexual and feeding
practices and so on. The basic reproduction number R, is also known as basic reproductive rate
or basic reproductive ratio is the expected number of secondary cases produced by a typical
primary case in an entirely susceptible population. When Ry < 1 the infection will die out but
any value Ry > 1 implies it will spread without control measures and higher numbers are more
likely to cause epidemics. In cases where Ry = 1, the disease becomes endemic, meaning the
disease remains in the population at a consistent rate, as one infected individual transmits the
disease to one susceptible. The basic reproduction number Ry is proportionate to: the length
of time that the case remains infectious (duration of infectiousness), the number of contacts a
case has with susceptible hosts per unit time (the contact rate), and the chance of transmitting
the infection during an encounter with a susceptible host (the transmission probability) and
can be expressed mathematically as:

Ry = cpd

Where ¢ the number of contacts per unit time,p is the transmission probability per contact,
and d is the duration of infectiousness [44]. In other words this infective individual makes
BN contacts per unit time producing new infections with a mean infectious period of % and

therefore, the basic reproduction number is obtained by

This value quantifies the transmission potential of a disease. If the basic reproduction number
falls below one i.e. the infective may not pass the infection on during the infectious period, the

infection dies out and if Ry > 1 there is an epidemic in the population [[I0§], [L09]].

A method for calculating basic reproduction number

Here we briefly sketch and apply to a more epidemiological model the method by Van den

Driesch and Warmouth (2002) on calculating the basic reproduction number R,. Consider
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a heterogeneous population whose individuals are distinguishable by age, behaviour, spatial
position and/or stage of the disease, but nevertheless can be grouped in to n homogeneous
compartments. That is, the parameters may vary compartment to compartment, but are iden-
tical for all individuals within a given compartment. Let z = (1,...,2,),2; > 0 for all
it = 1,...,n are the vector of densities of individuals in each compartment. Let us sort the

compartments so that the first m compartments correspond to infected or addicted individuals.

In order to compute Ry, it is important to distinguish new infections from all other changes in
the host population. Let Fj(z) be the rate of appearance of new infections in compartment 7,
V" (x) be the transfer rate of individuals into compartment i by all other means, and V, (z)
be the rate transfer of individuals out of compartment 7. It is assumed that each function
is continuously differentiable at least twice in each variable. Any model of infectious disease
dynamics can be formulated as follows:

@i — fi(x) = Fy(z) — Vi(z)where i = 1,...,n

Vi(z) = Vi (z) = V¥ (2)

7

If x¢ is the disease free equilibrium (DFE) and f;(z) satisfy those technical assumptions, then

the derivatives D f(zq) and DV (xg) can be partitioned as

F 0 v 0
0 0 Js Jy
where F' and v are the m x m matrices defined by

of;
P
[axj

(xo)l and v = [gvz (xo)] with1 <i, j<m
Lj

Moreover, f is non-negative, v is invertible with eigenvalues whose real parts are positive, and

all eigenvalues of J; have positive real part.

Now, consider the rate of infected or addicted individual introduced into compartment k of a

!is the mean length of time this individual spends

disease-free population. The (j, k) entry of v~
in compartment j during its life time, assuming that the population remains near the disease
free equilibrium DFE and barring re-infection or re-addicted. The (7, j) entry of F'is the rate at
which infected individuals in compartment j produce new infections in compartment . Hence

the (i, 7) entry of the product FV 1! is the expected number of new infections in compartment

¢ produced by the infected or addicted individual originally introduced into compartment k.
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The matrix F'v=! is usually referred to as the next generation matrix. Setting
Ry = p(Fv™h)

where p(Fv™') denotes the spectral radius of a matrix Fv™! (that is, the Eigenvalue with the
maximum absolute value). The theorem of van den Driesch and Warmouth (2002) states that,
Ry is a threshold parameter for local stability of the DFE; consider the disease transmission
model given by (A) with f;(z) satisfying the above mentioned technical assumptions. If xg is

the DFE of this model, then x; is locally asymptotically stable if Ry < 1 and unstable if Rq > 1.

3.2 Sensitivity analysis

The parameter values and assumptions of any model are subject to change and error. Sensitivity
analysis (SA) is the investigation of these potential changes & errors and their impacts on
conclusions to be drawn from the model. Sensitivity analysis is commonly used to determine
the robustness of model predictions to parameter values (since there are usually errors in data
collection and presumed parameter values). Here we use it to discover parameters that have a

high impact on reproduction number Ry, and should be targeted by intervention strategies.

We calculate the sensitivity indices of the reproductive number, Ry, to the parameters in the
model. These indices tell us how crucial each parameter is to disease transmission and preva-
lence. The normalized forward sensitivity index of a variable to a parameter is the ratio of the
relative change in the variable to the relative change in the parameter. When the variable is
a differentiable function of the parameter, the sensitivity index may be alternatively defined
using partial derivatives [78].

Definition: The normalized forward sensitivity index of a variable, u that depends differen-

tiable on a parameter p, is defined as:

If the magnitude of sensitivity index is high for the parameter p out of other parameters then

we say that p is more sensitive parameter.
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3.3 Liapunov function

Technique for verifying stability is to seek an aggregated summarizing function that continually
decreases towards a minimum as the system evolves. Suppose that Z is an equilibrium point
of a given dynamical system. A Liapunov function for the system and the equilibrium point =
is a real valued function V'; which is defined over a region €2 of the state space that contains @
and satisfies the three requirements:
1. V' is continuous
2. V(z) has a unique minimum at Z with respect to all other points in .
3. Along any trajectory of the system contained in €2; the value of V' never increases.
Definition: A function V defined on a region {2 of the state space and containing 7 is a
Liapunov function if it satisfies the following three requirements

1. V is continuous and has continuous first partial derivatives

2. V(x) has a unique minimum at T with respect to all other points in

3. The function V'(z) = VV (z) f(x) satisfies V'(x) < 0 for all z(t) in Q.

Theorem 3.1. (Liapunov Theorem)
If there exists a Liapunov function V (z); then the equilibrium point T is stable. If, furthermore,

the function V' (x) is negative for every point then the stability is asymptotic.
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Chapter 4

Treatment and Inflow Infective

Immigrants on the Dynamics of

HIV /AIDS

4.1 Introduction

Diseases can be transmitted many ways, some of which can be classified as either horizontal
or vertical. In the case of HIV/AIDS, horizontal transmission can result from direct physical
contact between an infected individual and a susceptible individual. Vertical transmission, on
the other hand, can result from direct transfer of a disease from an infected mother to an un-
born or newborn offspring. Diseases that can be transmitted vertically include chagas, dengue
fever, hepatitis B and HIV/AIDS just to name a few. Vertical transmission of HIV/AIDS can
occur during pregnancy, delivery or breastfeeding and is influenced by many factors, including
maternal viral load and the type of delivery [88]. According to [7] and [I11], about 20% of
the children infected with HIV develop AIDS in the first year of their lives, and most of them
die by the age of 4 years. The others, up to 80% of infected children, develop symptoms of
HIV/AIDS at school entry age (7-9 years) or even during adolescence.

The first simple HIV Mathematical epidemic model goes back to Anderson [91] in 1986. By
then behaviour change was recognized as the major way of combating the spread of HIV/AIDS
epidemic given that there was no treatment or vaccine to the virus. After the discovery of Anti-

retroviral treatment, modeling of HIV/AIDS was directed towards incorporating behaviour
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change and effects of treatment. Incorporating treatment and social behaviour posed a chal-
lenge to HIV/AIDS mathematical modeling because treatment acts both in the positive and
negative direction. It reduces the infectiousness of an infected individual reducing the probabil-
ity of transmission from an infective to a susceptible. On the contrary anti- retroviral therapies
increases the lifespan of the HIV Infectives and as such they can infect more people if the
treatment does not reduce infectiousness with no change in social behaviour. These directions
included the models by Valesco - Hernandez and Hsieh 1994 [40] who concluded that only sig-
nificant reductions in the transmission probability can contain the spread of the epidemic. Such
reductions could be through adoption of safer sexual practices or through reductions in viral
load due to treatment. A model by Ying -Yen and Cooke [41] in 2000 on Behaviour change
and treatment of core groups and its effects on the spread of HIV/AIDS showed that behaviour
change and treatment can eradicate the disease however if the treatment and behaviour change
levels do not reach critical values, detrimental effects could be realized resulting from slower
progression to AIDS without sufficiently lower transmission rates resulting in increased spread
of HIV infection.

HIV/AIDS transmission in Africa is primarily through heterosexual sex and vertical trans-
mission (mother-to-child). Forty percent of all HIV/AIDS cases result from mother to child
transmission [35]. The impact of migration of population on the distribution and spread of
HIV/AIDS disease has to be analyzed properly and must be understood clearly. Migration and
immigration of the people from one country to another country due to different reasons play a
crucial role in the evolution and spread of HIV/AIDS epidemic [22] 23] [35].

The study of HIV transmission and the dynamics of the disease have been of a great interest to
both applied mathematicians and Biologists. Mathematical modeling has proved to be an im-
portant tool in analyzing the spread and control of HIV disease [9] 83]. The results of modeling
and analysis help to improve understanding of the major contributing factors to the pandemic.
Mathematical models have been studied and important inferences have been drawn in case of
epidemics like Ebola, Breast cancer, Malaria, Tuberculosis and Influenza [6l, 24], 25 [60, 92].
Several researchers have developed HIV/AIDS models so as to understand and explain the
dynamics and the spread of the disease and succeeded to a large extent. Modeling and Anal-
ysis of the spread of AIDS epidemic with immigration of HIV infective is studied in [38, 92].
A theoretical framework describing the transmission of HIV/AIDS with screening of unaware
infective persons is presented in [I00, 10I]. The joint effect of both medical screening and
variable inflow of aware and unaware infective immigrants on the disease transmission has been

studied by [55]. Modeling the Combined Effect of Vertical Transmission and Variable Inflow of
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Infective Immigrants on the Dynamics of HIV/AIDS has been studied by [104]. The spread of
the disease due vertical transmission has also been studied by [14]. In this paper, we proposed
an improvement of the model [104] Modeling the Combined Effect of Vertical Transmission and
Variable Inflow of Infective Immigrants on the Dynamics of HIV/AIDS. The model [104] forms
the motivation for the present study. Here we have investigated the combined effect of unaware
infective immigrants, different mode of transmissions and aware infective immigrants, on the
dynamics of HIV/AIDS. The results are presented graphically and discussed qualitatively in

the following sections.

4.2 Mathematical Model

Modeling the Combined Effect of Vertical Transmission and Variable Inflow of Infective Immi-
grants on the Dynamics of HIV/AIDS studied in [I04]. The flow diagram of the model and the

non- linear deterministic model of the problem are given as follows.
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Figure 4.1: Flow diagram of the model [104].

The dynamical system of [104] is given as follows:

35



S BL b

dI I | fol
Wh (B Blyg (- 0oh — (04 6+ ),

dt N N

dl

ditQ = polo 4 011 — (02 + )1
dA

% = 51[1 -+ 52[2 — (C( -+ /L)A

Here the initial conditions are considered to be

S(O) = 507]1(()) = 1107‘[2(()) = ]20 and A(O) = AO

4.2.1 Model Assumptions

Here in the present study we develop a mathematical model to describe the population dynamics

of HIV/AIDS disease based on the following assumptions:

(i) The population under study is heterogeneous and varying with time.

(ii) The whole human population is divided in to five classes.

(iii) The HIV can be transmitted by the sexual intercourse with infective peoples, vertical and

blood borne transmissions.
(iv) The full blown AIDS class is sexually inactive.
(v) Assumed that the seropositive class could not transmit the disease.
(vi) All the new infected people are assumed to be initially unaware of the infection.

(vii) The probability of transferring the disease to susceptible population by unaware infected

person is more than by aware infected person i.e 81 > fs.

(viii) The unaware infected people grow to AIDS much faster than the aware infected people

i.e (51 > (52.
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4.2.2 Compartments of population for the present model

In this section we have provided compartmentalization of the people. That is, the total popula-
tion is divided into compartments. We have also described the flow of the people among these
compartments. Notations and the description of the model parameters are also included. Flow
diagram containing the compartments and flow directions is given for better understanding of
the model. A dynamical system is constructed that describes the model. Mathematical analysis
of the model is conducted. The mathematical modeling of the spread of HIV / AIDS disease
among the population requires the whole human population to be divided in to five classes.
The whole of the human population at any time t is a variable and is denoted by N(t). The
five classes are as follows: (i) susceptible class the population size of this class at any time t is
denoted by S(t) . The susceptible human has not yet infected by the disease but likely to get
infected in future. (ii) Unaware infective class the population size of this class at any time t is
denoted by I;(t). The unaware infective humans have already infected by the disease but they
do not know that they were already infected. (iii) Aware infective class the population size of
this class at any time t is denoted by I5(¢). The aware infective humans have already infected
by the disease and they know that they were already infected. (iv) AIDS class the population
size of this class at any time t is denoted by A(t). The AIDS class people are already AIDS
patients and (v) Seropositive class the population size of this class at any time t is denoted by
Sp(t). The Seropositive class people are HIV positive who are keeping themselves from unsafe

sex and those who are taking ART treatment.

4.2.3 Flow of the People among the Compartments

People will join the susceptible compartment S(t) by natural birth. Some of these people will
leave this compartment due to natural deaths and some others will go to I1(¢) compartment
after getting infected. The remaining people will stay in the S(t) compartment itself. People of
S(t) compartment are likely to get infected by the people of [;(t) and I5(¢) compartments only.
But the people of AIDS compartment A(t) being physically too weak to participate in sexual
activities, cannot transfer infection to susceptible people. In the present study the authors
considered that the transfer of HIV from infected people to susceptible people is by sexual
intercourse and transferring HIV by any other means like sharing needles; blood transfusion

and the like. In to I;(¢) compartment some people will enter from S(t) after getting infected,
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some others will enter by immigration from other places and some more will enter by vertical
transmission. From I;(¢) compartment some people will go to I5(t) after becoming aware of
the infection, some people will go to S,(t) because of keeping themselves well and unsafe sex,
some will go to A(t) after conformation of full-fledged AIDS disease, some people will die with
natural reasons, and others will stay back in /;(¢) compartment itself. In to I5(¢) compartment
some people will enter from [ (t) after getting aware of the infection and some others will enter
by immigration from other places. From I5(t) compartment some people will go to S,(t) after
taking proper care for themselves and those who are taking ART, some people will go to A(t)
after conformation of full-fledged AIDS disease, some people will die with natural reasons, and
others will stay back in I5(t) compartment itself. In to S,(¢) compartment people will enter
from both I;(t) and I5(t) compartments after taking care of themselves and those who are
taking ART. From S,(f) compartment people will leave when they die naturally. In to A(t)
compartment people will enter from both I;(¢) and I5(t) compartments after conformation of
full-fledged AIDS disease. From A(t) compartment people will leave when they die naturally
or die due to AIDS disease.

Description of the Model Parameters

We assume that the people are recruited into susceptible class at a constant rate of (). This
recruitment into the susceptible class is due to natural births. The people of susceptible class are
likely to become infected through sexual contact and blood borne transmissions with the people
of I;(t) and I5(t) classes. Thus, people from S(t) will go to I;(t) with a rate of [311; + Bols] 5
and o[I+ 1) % respectively. Here the parameters 5, and (3, are the horizontal transmission rate
to susceptible people by unaware and aware infective humans respectively and o is the rate of
transmission of the disease by blood borne to susceptible people by unaware and aware infective
humans respectively. Note that in this model we consider 8; > (5. That is, the probability of
transferring the disease to susceptible population by unaware infected person is more than by
aware infected person. People of S(t) after getting infected will initially go to I;(¢) but not
to I5(t). This is because, all the infected people are assumed to be initially unaware of the
infection. Further, the people of S(t) compartment are assumed to die naturally with a rate
of yu. People will enter intol;(t) compartment from S(t) with a rate of [81]; + B2l5]% and
oIy + L)%, some others will enter due to immigration from other places at a rate of p; and
some others will enter due to vertical transmission at a rate of (1 —€)¢I;. It is assumed that the
sexual contact between susceptible and unaware infected persons lead to the birth of infected
children with a rate of ¢. Of these newly born but infected children a fraction € dies during the

birth due to infection and the remaining complementary fraction (1 —€) will enter into I; class.
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From [, (t) compartment some people will go to I5(t) after becoming aware of the disease at a
rate of #, and some others will go to A(t) compartment after confirmation of full AIDS disease
at a rate of 0; and some others will go to S,(f) compartment due to taking care of themselves
at a rate of ki. People of I1(t) compartment are assumed to die with natural reasons and leave
the compartment at a rate of y. People will enter into I5(f) compartment from I;(t) after
becoming aware of the disease with a rate of § and some others will enter due to immigration
from other places at a rate of ps. People will go to S,(t) after taking care of themselves at
a rate of ks, people will go to A(t) compartment after confirmation of full AIDS disease at a
rate of do. People of I5(t) compartment are assumed to die with natural reasons and leave the
compartment at a rate of p. People will enter into S,(t) compartment from I;(t) and I5(¢)
compartments at a rate of k; and ko respectively. People of S,(t) compartment are assumed to
die with natural reasons and leave the compartment at a rate of p. People will enter into A(t)
compartment from I;(t) and I5(t) compartments at a rate of d; and ds respectively. Further, in
this study we assume that d; > d5 since the unaware infected people grow to AIDS much faster
than the aware infected people. People of A(t) compartment are assumed to die with natural

reasons at a rate of u and die with AIDS disease at a rate of a and leave the compartment.

4.2.4 Flow Diagram of the Model

Using the above assumptions we developed the following flow diagram.

P, (1-€l, pal;
-ﬁ'.'fl_ﬁ!'leﬁ '

> &1,
0, —f 1 h I — 1y
5 -
l lf-"l:f|_+fg:lﬁ l
us ki,
wly
h 4
A S,
_u.-ll l
oed .
M

Figure 4.2: Flow diagram of the present model.
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Model Equations
Based on the assumptions and the flow diagram of the present model, the dynamics of the

HIV/AIDS transmission is governed by a system of non-linear ordinary differential equations

as follows:
dsS S S
%:QO_[61]1+62[2]N_U[Il“‘]Q]N—MS (4.1)
dl; S S
T [Buly + 52[2]N + o[l + IQ]N +pih+ (1 —€)oly — (ki + 0+ +p)Ly (4.2)
dl
67152 = poly + 01 — koly — (03 + p) 1o (4.3)
dS
7; = kljl + kQIQ — ,USp (44)
dA
E = (51[1 + (52]2 — (Oé + ,U)A (45)

Here the initial conditions are considered to be

S(O) = S(), [1(0) = Il(), IQ(O) = [20, Sp(()) = Spg and A(O) = A(] (46)

4.2.5 Model properties

System (4.1j+4.5)) will be analyzed in a domain Q C R’ where Q = {(S, 1, I5, Sy, A)eR’ }.

Theorem 4.1. The solutions of system with initial conditions satisfy (@ S(t) >
0,1(t) > 0,I(t) > 0,5,(t) > 0,A(t) > 0 for all t > 0. The region Q@ C R% is positively
invariant and attracting with respect to system .

Proof. To show the positivity of the solution of the dynamical system comprising the equations
—, we have to consider and verify each differential equation and show that their solution
is positive.

We define:

t=sup{t >0:S5(t) >0,1(t) >0,15(t) >0,5,(t) >0 and A(t) > 0}

From the continuity of S(t) > 0, I;(t) > 0, I5(t) > 0,5,(t) > 0 and A(t) > 0, we deduce that
t > 0. Now if £ = 400, then the claim holds. That is, S(t) > 0,;(t) > 0, I5(t) > 0,S,(t) > 0
and A(t) > 0 for all t > 0. But if 0 < t < +o00, from the definition of ¢ it follows that,

S(t) =0or I;(t) =0 or I5(t) =0 or S,(t) =0 or A(t)=0

Now, first let us consider the differential equation of the dynamical system

% =Qo— [l +5212]% — o[l + 12]% — Y
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= 2 4 [qg+ u)S = Qo where q(t) = [(B1 + o) [1(t) + (B2 + U)Ig(t)]ﬁ. This is a first order
linear ordinary differential equation. Now we can find the integrating factor

pr (t) = el latmldt — (@QW+ut) where Q(t) is the anti-derivative of q(t). Multiply all the terms in
the differential equation by the integrating factor and do some simplification.

@IS 4 [ 1 11e@OTIG — e@O+aD)

= (e(Q(tHut)S( )) = Qe @W+nt)

Integrating both sides

JH(e @O+ S(5)) ds = [ Qoe @) trs)ds

= QBT §(5)|t = ft Qoe QE)+ns) g

= @OH) G (1) — QO S(0) = fo Qoe(@E)tHs) g

= eQWH G (1) = 9 S(0) + f5 Qoe @) ds

= S(t) = e S(0) + —armm i Que@E@ ) ds

= S(t) = S(0)eQUHRO-1) | [t () (@)~ +rts—1) g

From this solution that S(t) is positive since S(0) > 0,Q, > 0 and the exponential function
always positive.

Secondly let us consider the differential equation .

W= By + Bolo)2 + o[l + L2 +pili + (1 —€)dl — (ki + 0+ 6 + p) I

=D 4 [K— (Bi+0)2]L = (1 +0)2% where K = (k1 + 0+ 6, +p) —pr — (1 —€)¢

This is a first order linear ordinary differential equation. We can find the integrating factor
= (1) = e/ IE-Brto)Fldt — o(Kt=(5140)Q1) where Q(t) is the anti-derivative of S(t)
Multiply all the terms in the differential equation by the integrating factor and do some sim-
plification.

e(Kt—(ﬂl-Hf)Q(t))% +[K — B+ U)%]e(Kt—(ﬁl+cr)Q(t))[1 = (B + U)%G(Kt—(ﬂl—l-U)Q(t)

= (eK-BrHORN [, (1)) = (B + o) 25 elK1-(B1+0)Q()

Integrating both sides from 0 to ¢ will give us

JH (K= BrrRENO)Y g5 = [T(5) + o) 28 K5+ g

= eKs=(BrtoQ) [, (s)[F = [1(B8; + 7) 125 (Ko~ (B1+0)Q()) /5

= (K-GO, (1) — e~ (5149100 [ (0) = [1(3; + o) 28 (Ko~ (B1+0)Q() g

= eKi=(1+QD) () = e~ G0N, (0) + JI(B; + o) BSe(Ks=(Br+0)Q0) g

= 1(F) = <y 1 (0) + <emmamy o (B + o) BEes= () gy

N
= I (1) = L(0)e Kt B140)Q0-(A1+0)Q(0) 4 o~ Ki+(A1+0)Q(E)

JE(B1 + )28 K551 g
since I1(0) > 0 and from the definition of ¢, we see that S(t) > 0,5(t) > 0 and also the
exponential function always positive, then the solution I;(#) > 0. Hence, [;(f) could not be

zero that is I, () # 0.
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Thirdly, let us consider the differential equation (4.3))
dIQ = pols + 011 — koly — (02 + )15
= 4 4 hI, = 01, where h = (ko + 62 + p — po)
This is a first order linear ordinary differential equation. Now we can find the integrating factor
i (t) = o hdt _ oht
Multiply all the terms in the differential equation by the integrating factor and do some sim-
plification.
eht% + he" I, = 01,
= (eMy(1)) = eI,
Integrating both sides from 0 to ¢ will give us
fg(€h512(8))/d8 = fg eI ds
= (ehLy(s))[b = [T =01 ds
= M I,(T) — 1,(0) = [! e"*01ds
= ML, (T) = L(0) + f{ ™01, ds
= L(t) = 57 1:(0) + 55 JEeh0I,ds
= Iy(1) = L,(0)e") + ehD [Lehsgr g
since I5(0) > 0 and from the definition of ¢, we see that I;(¢) > 0 and also the exponential
function always positive, then the solution I5(?) > 0. Hence, I5(%) could not be zero.
Fourthly, let us consider the differential equation .
Bo = k11 + koly — S,
dSp + ply = kidy + kol
This is a first order linear ordinary differential equation.
Now we can find the integrating factor
pi(t) = e nt — cut
Multiply all the terms in the differential equation by the integrating factor and do some sim-
plification.
e“t% + pertS, = et (ki Iy + koly)
= (eMS,) = et (ki Iy + koly)
Integrating both sides from 0 to ¢ will give us
JEersS, () ds = [Lers (ki Ly + koly)ds
= (erS, ()|} = J& ers(kyly + koly)ds
= ¢S (1) — S, (0) = Ji e (kyIy + ko Ly)ds
= eMS (1 L(t) = S,(0) + fo ets (ki Iy + kolo)ds
= S,(t) = %S (0) + z JE e (ko I + koly)ds

42



= S, (1) = S, (0)e M + eHE [Lers(ky Iy + kyls)ds

since S,(0) > 0 and from the definition of #, we see that I;(t) > 0,I5(t) > 0 and also the
exponential function always positive, then the solution S,(f) > 0. Hence, S,(t) could not be
zZero.

Finally, let us consider the differential equation (4.5)).

‘il—? =01 + 02l — (a4 p)A

= % + (o + p)A =011 + 0915

This is a first order linear ordinary differential equation.

Now we can find the integrating factor

i (t) = of (atmdt _ (atu)t

Multiply all the terms in the differential equation by the integrating factor and do some sim-
plification.

ela+ p)t + (o + p)e@t A = et T + 6515)

(el A) = elati(5, I, 4 6,1,)

Integrating both sides from 0 to ¢ will give us

Jo(eletms A(s)) ds = [§ @5 (8,11 + 6y1)ds

= (el A(s))|b = fo elotms (511 + 0,15)ds

= e tIAT) — A(0) = [Letms (5,1 + 0y15)ds

= eFIA[T) = A(0) + J§ e@tms (6,1, + 0,15)ds

= A(l) = (a.lwt A(0) + e(aﬂ)z Jg CFm (8, 1) + 851 ds

= A(f) = A(0)e (ot e~ (atml (Leletis(§ [ + 6,1)ds

since A(0) > 0 and from the definition of #, we see that I;(t) > 0,I3(t) > 0 and also the

exponential function always positive, then the solution A(#) > 0. Hence, A(f) could not be
Zero.

Therefore all the state variables at ¢ could not be zero, implies that ¢ is not finite. Consequently
t = 400, so that for all t > 0, S(t) > 0, [1(¢t) > 0, Ix(t) > 0,S,(t) > 0, and A(t) > 0. By this we
have shown that all the solutions of system to are in R, provided that the initial

conditions are positive. O

We now show that all feasible solutions are uniformly bounded in §2.

Theorem 4.2. The feasible region §2 of the system to is defined as:
Q= {(S(1), [r(2), La(t), Sp(t), A(t))eR5 - 0 < N(t) < 9}

Proof. We assume that all state variables and parameters are positive.
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Here we have N = S+ I, + I, + S, + A then

AN _ dS . dI,  dI dSp dA

@ —ataTatata

Summing up all the five equations from systems (4.1 to (4.5) and assuming the inequality
pili + (1 — €)1 + poIy < oA we obtain ‘il—]j < Qo — uN

=

Qo u ~ < dt integrating both sides

i g2k < Ji ds= SHIn(Qo — pN (1)) — In(Qo — pN(0))] <t
= [In(Qo — ()%4MQW—MW®HZ—M
= ID[M]]\\,T((O))] > —ut

QN 5
[Gomurv)] Z €7

= Qo — uN(t) = e7(Qo — uN(0))

= Qo — uN(t) > Qo™ — uN(0)e

= uN(t) < Qo — Qoe™* + uN(0)e ™ < Qo + pN(0)e
= N(t) < %+ N(0)e ™

Thus as t — 0o we have 0 < N(t) < % which indicates that the total population is bounded.
O

4.3 Stability Analysis of Disease Free and Endemic Equi-

librium Points

In this section we identify the equilibrium points of the model developed in this study and
provided as a system of equations from (4.1]) to (4.5). We also analyze their stability conditions
and present the results. The system exhibits two types of equilibrium points; disease free

equilibrium point and endemic equilibrium point.

4.3.1 Disease Free Equilibrium Point

The disease free equilibrium of the model 1} to 1) is obtained by setting% =dh — dl _

dt dt

% = % = 0. Further at the disease free equilibrium point there are neither infective people
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nor AIDS patients. Then

ds S S

P Qo — [A11y +5212]N —oll +12]N —uS =0

dl S S

E = [ﬁlll +62[2]N +U[[1 ‘|—IQ]N —I—p1[1 + (1 — E)¢[1 — (kl —|—6—|—(51 +,U>Il =0
dl

2= palo 0L —koly — (5 + )1y =0

d

dStp - kljl +I€2[2 —/,LSp =0

dA

P :51[14—(52[2—(044—“)14:0

This system reduced to

Qo — 1S = 0 Since at disease free we have Iy = [, = A =5, =0. Then Qy — uS =0
= S = Qo

S =9

“w
Thus the disease free equilibrium of the model is given by Ey = (%, 0,0,0,0).

Basic Reproduction number

The reproduction number is defined as the average number of secondary cases produced by a
typical infected individual during his or her entire life as infectious or infectious period when
introduced or allowed to live in a population of susceptible [26]. We shall now compute the
basic reproduction number of the present model using the next generation method. The basic
reproduction number is a threshold quantity used to study the spread of an infection disease
in epidemiological modeling and it is the spectral radius of the next generation matrix. It is
defined as Ry = p(FV ') here FV 1 = [%Z_O))][a‘g%go)]_l where F} is the rate of appearance of
new infections in the compartment i; V; is the transfer of individuals in and out of compartment
i.

Here we consider the disease manifests compartment for simplification of our work.

S, 11, 15,S,, A
Fi(‘S;[lu[QuSp’A): fl( b ? )
gl(‘ga[la[QaSpaA)

(6111 + Bolo] 3 + o[y + L] %

0

S. 1), I, S,, A
Vi(S, I, I, S,, A) = fol5, 0 Iy, Sy A)
92(57[17[27SP7A)
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(k1 +0+61+p)i —(p1+ (1 =€)y
—0I; — poly + (ko + 6o + ) I

an  of

F:DF: o6 12JP)

Yoo og

ol 0l
B+ (Bato)y

0 0

At disease free equilibrium point we have S =~ N. Thus

(Bi+o) (B2+0)
F:

0 0
Ofa  Ofa

0w 09
oL 0l

(B0 401+ p) = (p1+ (1 —€)9) 0
—6 (kg + 02 + 1) — p2

To get V1, we use the adjoint matrix method.

V= detl(v) adj(V)

Where

(k1 +0+61+p) = (p1+ (1 —€)9) 0
—0 (kg + 62 + 1) — p2

det(V) =

=k +0+61+p—(pr+ (1 =€) (kg + d2 + pt — p2)

adj(V) =

ko + 02 + 1t — po 0
0 ki 40401 +p—(pr+ (1 —€)9)

Let Ay =k1+0+01+pu—p1—(1—€)p and Ay =ko+ do+ p—po
Then




_6 1
AA;  As

thus

fr+o Po+o A% 0

FV = S
0 0 Ar1As  As

Bito | 9(B2t+o) Bato

— Ay A1Ao Ao

0 0

We find the eigenvalues of FV~! by solving the characteristic equation |FV ! — XI| =0

Bito + 0(B2+o) )\ Beto

é Al AlAQ AZ — O
0 -2
Bi+ao  O(B+o0) _
= (=))( A + A, A)=0
= A = 0 and Ny = % + % thus the spectral radius of FV ™! is given by Ry =
max[/\l, /\2] = /\2
Therefore the basic reproduction number of the model is
potito 0Bto) (k2 + 02+ 1 —p2)(B1 +0) +0(B2 + 0)
’ Ay A1A, (k1 + 0461+ p—p1— (1 —€)p)(ka + 62 + p — pa2)

In order to assess the contribution of unaware and aware infected population on the dynamics
of HIV/AIDS, let us divide the basic reproduction number Ry of the present model in to the
reproduction numbers of both unaware Ry and aware Ry, infected population independently.

That is Ry = Roy + Roa where Ryy = BZZ", Roa = %. This can also be more analyzed as

follows.
If we assume that the rates of transmissions of the disease from unaware infective are equal to
zero (i.e 1 = 0 and o = 0), then the reproduction number Ry becomes

Ry — (ko + 02+ p1 — p2)(B1 +0) +0(B2 + 0)
P k040t p—pi— (1= )9)(ky + 0o+ — o

_ 0(B2 + o)
(ki +0+ 614+ p—p1— (1 —€)@) (k2 + 02 + 1 — p2)
_ 0B+ o)
éRo—ROA—m
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This is the reproduction number of aware infected population.
Similarly, if we assume that the rate of transmissions of the disease from aware infective are

equal to zero (i.e 3 = 0 and o = 0), then the reproduction number Ry becomes

R (k2 + 62+ i — p2) (B + 0) + 0(B2 + 0)
S k040t u—pi— (1= ))(ka+ 0o+ 1 —ps

_ (B1+0)
(k1 +0+0+p—p1—(1—¢€)9)
:>Ro:R0U:m+U

Ay
This is the reproduction number of unaware infected population.

We now investigate the local and global stability of the disease free equilibrium point.

Local stability of the disease free equilibrium point Ej

Theorem 4.3. The disease free equilibrium point Ey of the system of ordinary differential

equations to is locally asymptotically stable if Ry < 1 and unstable if Ry > 1.

Proof. Initially at t = 0, S(0) > 0,1;(0) > 0,12(0) > 0,5,(0) > 0 this means initially there is
no AIDS patient. Hence, we only consider the subsystem of four equations , ,
and . The Jacobian matrix associated with the subsystem equations at the disease free
equilibrium point Ey = (%, 0,0,0,0) is given by:

—pn —(Pito) —(B2+0o) O
0 (Bit+o)—Ar (Bato) O
0 0 A 0
0 b s —u

The characteristic equation |J(Ey) — M| =0

—p—=A —(B1+0) —(B2+0) 0
0 (Bi+o)—A1 =X (Bat+0) 0
= =0
0 0 —Ay — A 0
0 k‘l k‘g —,u—)\

(Br4+0)=A1 =X (B2+0) 0
= (u+A) 0 —Ay — A\ 0 =0
kl k’Q —M—)\
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o () (Br+0)=A1 =X (B+0) 0
0 —Ay — A

= (L +A?[(B1+0 = A = A)(=A2 = A) = 0(B2 +0)] =0
= (+N N = AL+ —A)+ XAy — (Bi+0 — A)A, —0(By +0)] =0
= (U+H AN+ (=B — 0+ AL+ AN+ A A — (B +0) Ay —0(By + )] =0
= (u+ AN +BA+C]=0
Where C' = AjAy — (B + 0)Ag — 0(Bo + 0) and B = (=51 — 0 + Ay + A,)

If Ry < 1 implies 22E0B0) 1 — Ay(8) 4 0) + 0(B2 + 0) < ArAy

= AlAQ — A2(61 +O’) —6<52 +O’) >0

=(C>0

Since AjAy — Ag(f1 +0) — 0(52 4+ o) > 0 we have (A — (f1+0))Ay —0(fa+0) >0
= A= (fi+0)>0

= A —(B1+0)+2A,>0
= B>0

Therefore the quadratic equation A2 + BXA + C = 0 has two negative real roots.
In general we have all eigenvalues of the jacobian matrix negative. Hence the disease free
equilibrium point is locally asymptotically stable.

If Ry > 1 then the characteristic equation will have positive eigenvalues, so Ej is unstable. []

Global stability of the disease free equilibrium point Fj
Theorem 4.4. the disease free equilibrium point Ey is globally asymptotically stable if Ry < 1.

Proof. we now construct a Lyapunov function
V = 041]1 + (]{2_[2 + O[3Sp + CY4A

Where «;,i = 1,2, 3,4 are positive constants to be determined. The time derivative of V is

given by
dv dlq dl, as, dA

o Mg Ty Ty Tougy

49



B1+o Ba+ o
N N

+ 042[(]92 — (kg + 52 + (5))]2 + @[1] + 063[]{31]1 + /{7212 — /J’SP] + 064[51[1 + 52]2 — (Oé -+ /VL)A}
pr+o pa+o
N N

-+ a2911 -+ 053]{?1[1 + angIQ — Oég/LSp + a451[1 —+ 064(52[2 — 044(06 -+ /L)A
o [(51 + o Bo+ o
= N

— azpS, — au(a+ p)A

_l’_
:[041((61]\[ J)S — A1) + bl + azky + ] + aq(

)SL + (p1+ (1 =€) — (k1 + 0 + 01 + ) 1]

)Sh + (

=ay [(

)SIQ + 062(]92 — (kQ + (52 + 5))[2

:Oél[( )S+(p1+(1—6)¢—(k1+9+51+u))]11+a1(

)S[Q — O[2A2]2 + 063]€2[2 + 044(52[2

)S - Al)]ll -+ a209]1 + Ckgkl[l —+ 044(51[1 -+ Oél<

+
B2 U)S — OéQAQ + 043]?2 + 05452][2

— azpSy — ay(a+ p)A
<la1((Br +0) = A1) + a2 + azks + audi]l1 + aa[(B2 + 0) — aalg + azky + uda] o
— Sy — ag(a+ p)A
Take the coefficients of I, S, and A are equal to zero. Then we get
—asu=0=a3=0
—ayla+p)=0=a,=0
a1 (B + 0) — ey + azky + ayde =0
= a1(fa+0) — az
Ay =0 since az =ay =0

= 061(62 + O') = OégAg

Oél(,BQ + 0')

= Qg = A
2

Then

Cgt/ < [oa((B1 +0) = A1) + b4

= Cﬁg‘t/ <[ ((B1+ ) — Ay) + 0418(%24—0)][1

= O <+ o) -+ 2,
_ C;‘t/ <[ Ag(B1 + U)A;r 0(B2+0) AT,
=M <o, ROZAQ —wmAL

= C?t/ < arRoAr — an Ay] L

_ CZ < A [Ro — 1)1,
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We note that %/ <0if Ry < 1.

Furthermore, % = 0 if and only if I = I = S, = A = 0. Therefore, the largest compact

invariant set in (S, Iy, Iz, Sp, A)efd - % = 0, where Ry < 1 is the singleton {Ey}. LaSalle’s
(1976) invariance principle then implies that Ej is globally stable in €2 if Ry < 1 otherwise it is

unstable. n

4.3.2 Endemic Equilibrium Point

We consider the system equations (4.1) to (4.5). At the endemic equilibrium point E* =

(S*, I7, I, Sy A*), we set each right hand side in system equations to zero and express each

dependent variable in terms of I at the equilibrium point.

s S S

P Qo — [Aily +ﬁ2IQ]N — o[l +]2]N —uS =0

dl, S S

o 1511y +62]2]N + o[l +]2]N +ph+(1—€)ply — (ki +0+6+p)l1 =0
dl

CTtQ:p2]2+911—kQIQ—(52+M)]2=O

s,

dif:kjlll—i_k?]?_usp:o

dA

=0l 0l = (ot A =0

Solving equation (4.1)) and (4.2]) we get

Qo — pS* +pilf + (1 —e)ply — (k1 + 0+ 01 + p)I; =0

= pS* = Qo +pily + (1 =€)l — (ki + 0+ 01 + p)I}

Qo+ [P+ (1 —e¢¢— (ki +0++plly
W

Qo — Ay

o

= 5" =
= 5"

From the equation (4.3)) we have
poly + 017 — kol — (62 4+ p) I3 =0

= (ke + 62+ p—p2)I5 =017

= [} = i
2 (ko + 02+ 1t — p2)

OrF

= I3 = A;
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From equation (4.1))we have

* * S* * * * *
QO_[ﬁlfl +52[2]ﬁ_0[[1 +[2]W_MS =0
* * S* * * * *
=Qo = [11; +521]ﬁ+a[1 +I]N + uS
([511*+521*] +U[I*+I*]N* 1)S* = Qo
. 9[* ., 0L Qo — Ay
=([B11] +52A ]N* oll} +A2]N* M)(f)-@o
ITA 017 AVY A 017 — A\ I
(RS TR C2al OO vy (=B = Qo
2 2
BrAg + 320 Qo oAy + 00 Qo B1As + G20 + oAy + 00 2
=>(——— I+ (——— I7 + QoN* — I’
( AQ ) ,u ( AQ ) ,u QO 1( MAZ )( 1)
— AN*IF = QyN*
B1As + B0, Qo oAy + a8 Qo B1lg + 520 + oAy + o0 2
(= L+ (—— I —A I — AN =0
(S By (22T By, (AE T RTES T - vy
B1lg + 20, Qo gy + 0l Qo 1Ay + P20 + oAy + 00
sH(———) — + (—— )= — A, I; — AN =0
e e e Ry
=17 = 0 which is the DFE or
B1Ag + 20 + 0 Ay + 0 Qo JI7AY
I =[-A{N* —_
! [ ! +( AQ )/JJ A1<51A2+ﬁ29+0A2+O’9>]
g = (BrBe+ B0+ 0hs + 00)Q — pha Ao N A, |
! AN A1 (B1Ag + G20 + 0 Ay + 00)
p Qo A1 AN~
=17 =
A1[ B1A2+ﬁ29+O‘A2+O‘Q]
p Qo N*
= =—|— -
1 AI[ L RO]
p Qo A1 AyN*
= =—|— -
A1[ 51A2+ﬁ20+0A2+06’]
* QO 1
=1 Al[1 Ro]

From this we can observe that I7 will be positive if Ry > 1. Thus the unique endemic equilibrium

exists whenever Ry > 1, Ay > 0 and A, > 0. The endemic equilibrium is:
Qo—A1 %[1) (1—,%0>

* N*
S iz Rg
* _ Qo _ L
L=30-%)
Q 1 1
L= 9??(1‘1?0) _ Qoe(l‘z?o)
2 — Ao o A1Ao

From the fourth equation of the system we have
kody + kol5 — pS,; =0
= S, = kil + kol

Qoo(1—7-)
Qo Ro
L gr _ kilitkely K13 C(1-gg)tk:—&x,

p iz iz
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k1A2Q0 (1*%()) +k2Q09<1*P%0>
= Sp = nA1Ag

From the fifth equation of the system we have
NI+ 60 — (a+pu)A* =0

1
51@ 1— L +52Q09(17R70>
= A* = ouli+62ly "M Ro ISEY)
(atp) (atn)
" 51A2Q0(1—RL0>+52Q09(1—RLO)
= o (atp)A1As

In general the unique endemic equilibrium point E* = (S*, I}, I3, Sy, A*) of the system (4.1]) to

is:

. N
=R
. Q 1
w=a ()
Q01— 5)
T AN,
o TdeQ (1= %)+ k2Qo0 (1 - &)
P A1 A
4 0182Q (1 - R%)) + 02Q00 (1 - R%)
B (a4 1) ArAy

Local stability of Endemic equilibrium point

We now investigate the local stability of the endemic equilibrium point E*.

Theorem 4.5. The positive endemic equilibrium point E* of the system of equations to
is locally asymptotically stable if Ry > 1.

Proof. the linearization of the Jacobian matrix of the system of equations (4.1)) to (4.5)) at any

point is
—a—pu - (51];;0)5 — (52§">S 0 0 _
o [BE)s-A (Z2)S 0 0
J(S, 1, 15, S, A) = 0 0 A 0 0
0 k1 ko — I 0
0 8 8 0 —(a+p)]

Where a = [ﬁlll —+ 62[2]% + O'[[l -+ [2]%

At the endemic equilibrium point the above Jacobian matrix becomes
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—a—p = (BF)s —(BE) s 0 0
o (E)sea (s 0
J(E*) = 0 0 A 0 0
0 k1 ko —H 0
0 5, 8 0 —(a+p)
—a—p o (%) (%) o 0o
o () -a () o0 o
0 0 A, 0 0
0 ky ko —p 0
0 8y 0 0 —(a+np)
The characteristic equation of the Jacobian matrix is [J(E*) — M| =0
—a—p=r o =(%e) (%) o 0
o () -a-a ()0 !
= 0 0 —f2—A 0 0 =0
0 k1 ko —p—A 0
0 51 5o 0 —(a+p)— A
—a— =\ - (%) - (53;00) 0
N B 2 BN R O N
0 0 —Ay— A 0
0 ky ko —p— A
—a—p—A (Pm) (%)
= (a4 p+A) (n+ ) a (%) A= (%) | =
0 9 Ay — A
= (o p+ ) (u+ ) ((a+u+/\) () —dma () |- () — ()
9 —Ay — A 7 —Ay — A
= (atpHA) (A (@A) (Do +2) (AL + A= (5E2))
— ot ) (a4 ) (o o+ )0 (%557) +a (B0 + 1) (%557) + 0 (%52)]) = 0

= (a4 p+A) (A (@t p+ ) (Ardg + AL+ A + A2 = Ay (
—(atp+N) (+X) (a+p+ ) A (5E52) +60 (2]
a4 ) (N a Ay (BE2) + A (BE2) + 0 (22£2)] = 0
= (o p+A) (+A) (@t i+ A) [ArAg + A+ A + 22— A1 A, — A (
Flatp+N) (p+Na[d(2E2) + A0 =0

Bito

From this we have
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(a+p+A)=0= A= —(a+pu) and
(L+A)=0=>A=—pu
For the above two equations we get negative eigenvalues.

For the equation

(a+p+X) ML+ A + A7 = A (22 ] 4 ad (B57) 4 aA Ay = 0

Ro

The solution can be obtained as follows:

S AL £ Aads + a)? — Na (5 1R+ ") AL + A+ N — M (%”) +A2A,
0 0
a2+ N2 (BTN g (PR L aaa, — 0
Reo R

wgﬂzlawMﬁAQ_(ﬁlgaﬂ
0

B1+o
Ry

+)\[a1+aA2—a<

)—l—uAl—l—,uAg—,u(Bl—Hj)—i-a(ﬁlea

ANy =0
o i >]+6L12

+
=A%+ \? [a+u+A1+A2— (51};(1)] +A[aA1+aA2+uA1+uA2—u<ﬂlR U)]
0 0

+ aAlAg =0
Then the above characteristic equation is given by
POA) =N+ A0+ A0+ A43=0

Where

Av=[a+p+ A+ Ay — (222

Ay = [aly + aly + ply + pAy — p (B2
Az = a1 A,

Ao (B140)+0(B2+40)

AR, we have

Since Ry =

RoA1 Ay = Aoy(By +0) +0(B2 + 0)

= ROAlAQ > AQ(Bl + O')
Ao(B1 +0)
ROAQ

(B1+0)
Ry

= A >

= A >

95



(B1+0)
Ry
Thus we can observe that A;, Ay and As are all positive quantities. Here we can conclude that

= A — >0
all coefficients of the characteristic polynomial are positive.
To see the sign of eigenvalues we use Routh — Hurwitz criteria.

Consider the following Routh — Hurwitz array

N1 Ay

AN A As

AM|IB 0

A C

WhereB:Z—i 1 4 and C = % A A;
Ay Az B 0

Now

—1|1 A -—1
— Af — Af (Ag - AlAQ)
114, As 1
1
— Ail (AlAg - Ag)

1
errarran (52))

Ha+u+A1+A2— (61]; 0)] [aAl—i-aAQ—F,uAl—i-,uAg—u(511;0)1 —aA1A2]
0 0

= m ([G+M + Ay + K] [aAl + aly + ply ‘|‘,UK] - aAlAZ)

= m[cfAl +a?Ag + aply + apK + apAy + aply + p? Ay + K|

iy (01 A + Ao + puAs® 4+ Ao K + aK Ay + aK Ay + Ky + pnk? — al Ay

= m[azAl + Cl2A2 + 2CL,UA2 + CL/JK + auAl + ,M2A2 + MZK]
+m[(IA22 + IUA22 + /LAQK -+ aKAl + QKAQ -+ K/LAQ + /LK2] >0

Where K = Ay — (242 > 0

=B>0
—11A; As —1
C=— = — (0 — BA;)
B B 0 B
BA;
f— :A
B 3>0
=C>0

Since all elements of the first column of the array have the same sign then by Routh — Hurwitz
criteria all roots of the characteristic equation have negative real part, thus from above result

we can say that the endemic equilibrium point is locally asymptotically stable. O

56



Global Stability of Endemic Equilibrium point
Theorem 4.6. the endemic equilibrium point E* is globally asymptotically stable if Ry > 1.

Proof. Consider the following Lyapunov function
V = (S = 8" In8) + (I — Iinh) + v (I — I3Indy) + 72 (S, — S3inS,) + 75 (A — A*InA)
Where ;s for i = 1,2,3 are non-negative quantities.
Differentiating V' with respect to time gives
§- (15 5 (-5 % o (-5 80 (-5 B (- 54
Substituting the expressions for the derivatives in ﬁ, it follows that
%= (%) oo [(3%) 1+ (57) 1] 5 - ]
(1= 5[5 5+ (25) B] 5 ]+ - ) o1 -t
+72 (1 - *) (k1Ly + koI — pSp] + 73 (1 - *) (0111 + 02l — (o + p) A
Using the relation Qg = [(51“’) IT + (52;7) } S* 4+ uS*, we have from the first equation of

the system — at the steady state that dV can be written as
= (=) [[(O82) 5+ (552) B3] S e = [ (%) D+ (5%) 2] S = S|
+(1= ) [[(BF2) L+ (282) L] S = AL ]+ (1= 2) [0 — Asly]
92 (1= ) [Ty + halo — pSy) + 95 (1= 4 ) (0111 + 6212 — (a+ 1) A]
This can then be simplified to
= (1- %) (52) 5+ (- ) (52) 5+ (1 ) (5 - 9y (352 s
() S () s (52 15 (1 ) [[(5) o (35 1] 5 o)
71 (1= 2) 00 = Bab) 7 (1= 32) (ki Ty + kol — S35 (1= 20) (0111 + 6ol — (o + 1) A]
Using the relation at the steady state
Aty = [(B90) I+ (252) 3] 8%, Doly = 013, uSy = kili + koly, pSy = kyIf + kalj,
(a4 p) A= 0117 + 6215

We again simplify
s (2 8 5) (1) (5 6 (1) (5 55— () 09

— (&) LS+ (252) 1S+ (252) LS+ (282) S + (22) IS

—(B2) ;S — (2E2) S — (1= F) Ay + 7 (1= 22) 01 — Aol

2 (1= ) Ly + koo — Syl 475 (1= &) (0111 + 621 — (ac+ p) A]
=pS (2-E-)+ (1-5 - &) () Irs  + (1- %) (&2) 5" + (822) s

() 1 — () 15 — (352) s — (1 ) [(352) his+ (35) 1)

+y1 (1= 2) 01 — AsL)+7 (1 - s*i) ler Ty + kLo — pSp47s (1= 40) (011 + 6215 — (o + ) A]

—us (2= &%)+ (1- 5 - ) () 65+ (1-5) (59) B+ (359) 1

/N
sy
+2+
~ /\_/
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+(85) St — (282) ;S — (252) £ LS — (2¢2) ,S7
—(2%2) IS g + (282) I7S™ + (552) I5S5™ + 31 (1= #) [0 — A o]
— ) Ty + kaly — pSp] 75 (1= 40) [61 11 + 6212 — (a+ 1) A]
(- $ %)+ (5) 55" (2 5 - 3) + (5) 155" (2 5 - )
+(252) LS* — (O52) 1S — (252) F 1S + 7 (1= ) [0 = A
5 ) [kihy + kol = pSy) + 33 (1= 40) (0111 + 6ol — (o + 1) A]
(- $ %)+ (59) 155" (2 5 - $) + (5) 155" (2~ 5 - )
+(282) LS — (282) LhS+y (1— £) 06 —m (1- £) Aol

+72 (1 - %) kil + 7 (1 - ?) kaly — 72 (1— ?) Sy + s (1— 45) 611y
+73 (1 )5212—% (1 A*)(oz—i-,u)A

:MS*( _% %)+<ﬂ1+ )]*S*(2_i_%)+(52+0)]*8*( _%_%)

S
+ (M> [,5" — ('BQJrU) TS +m0I — 719[1ﬁ —mAoly + Al + Yok 1y
_72]{71%[1 +’)/2k'2]2 QkQSpIQ 2/{?1[1% +’72]€2]§% +72k71]f +’}/2]€2]§ +73(51]1

—301 1 AF 4 Y302 Ly — 302 1o 50 — Y301 L} 4% — v30213 4% 4 Y3011} + Y30213
(o £ §) (S (o % - 8) ()55 - 5

+ (ﬁw) L,S* — (ﬂm) TLS+ 700 (1— F) +nAgl; (1- f) + 9kt Iy

—’}/lespll ’}/2]{?1] o +72k1] + Yokoly — 72k25p12 +72/<:21 o —1—72/€2]

+y561 0y — Y36, 1 A T 7361 1A + Y301 I + 309y — 300l o 7352 2A + Y3051
(2 & 5 (525 (0 % - £)+ (5) 55 (- - )

+(2257) S — (2¢7) F LS+ w06 (1 #) + 0L (1 - 2) +pkly

+2k 1T (2 — sﬁz) Yok IF + yokoly + Yoko I3 ( — g—; — SPI) — ko L} + Y3011

01T} (2= 45 — AR = %0} + vs0als + 1302 T5 (2 2 — 42) — 0ol

A

(2= = 5) - (5E) 15 (- 5 - )+ ()5 o 5 - )+ (39)

(,82+a) MRS + bl ( 13 h) NOI 3 + O + ki ly + Yokl (2 & 552)
—Y2kil{ + yokol3 (2 - % - gf?) Yokol3 4 30111 4 30115 ( — % — ‘?4*1?)

—v301 1} + 30212 + Yokolo + 30215 ( -4 %) V300 I3
The coefficient 7, is obtained from the expression (ﬁﬁ") S* — 710 1 =0
2

Ir Yo\
= 0= (52N ") S

01
And the coefficient 75 and 3 are obtained from the expression 305 + Yoko = 0
= 72 = 73 = 0 since %fs for i = 1,2, 3 are non-negative quantities.

Thus
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W (2o 8 %)+ () s (- S - 8) 4 (%) s (2 B)
_ (62;0) %[25_|_ (BQJ\J;U) S I3 (1 . IIgIIfl) 1 (ﬁggcT) 5*1511
o) () % )+ () % - 8)
() B () )+ (5) £ () s

Note that (2 - A ﬁ), ( - % - %) and (1 - 112*2]? - I};;{;) are less than or equal to zero

by arithmetic mean -geometric mean inequality.

This gives
av
—=7Z-Y
dt
Where
62+U Iik IQ 62+U
7 = ¥ I
( N )° L "N 25
and

o[ 2= - §)+ (59 5 2= - )+
(352) s~ (5 7 (1 5~ )

Hence, if Z <Y then, & i

only if S =51 =I],I,=13,5,= 5, and A= A".

Therefore, the largest compact invariant set in {(S*, I, I3, Sy, A*)e€Q2 : - = 0} is the singleton

{E*}, where E* is endemic equilibrium of the system -—. By LaSalle’s invariant

)15 (- % - 2]

V. will be negative definite, implying that V. < 0. Also dV =0, if and

principle, it then implies that E* is globally asymptotically stable in  if Z < Y. m
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Chapter 5

The Dynamics of HIV/AIDS with Age

Structure and Inflow Immigrants in

Ethiopia

5.1 Introduction

HIV/AIDS remains a major global health problem affecting approximately 70 million people
worldwide causing significant morbidity and mortality [114].

In Ethiopia in 2018, 690 000 people were living with HIV. HIV incidence per 1000 uninfected
the number of new HIV infections among the uninfected population over one year among all
people of all ages was 0.24. 23 000 people were newly infected with HIV and 11 000 people died
from an AIDS-related illness. There has been progress in the number of AIDS-related deaths
since 2010, with a 45% decrease, from 20 000 deaths to 11 000 deaths. The number of new
HIV infections has also decreased, from 29 000 to 23 000 in the same period. The 90-90-90
targets envision that, by 2020, 90% of people living with HIV will know their HIV status, 90%
of people who know their HIV-positive status will be accessing treatment and 90% of people
on treatment will have suppressed viral loads. In terms of all people living with HIV, reaching
the 90-90-90 targets means that 81% of all people living with HIV are on treatment and 73%
of all people living with HIV are virally suppressed. In 2018 in Ethiopia 79% of people living
with HIV knew their status and 65% of people living with HIV were on treatment [49].

The Human Immunodeficiency Virus (HIV) infects cells of immune system such as helper T cells
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(specifically CD4+ T cells), macrophages, and dendritic cells. HIV compromises the human
immune system and reduces the ability of the body to fight back infections and diseases. The
most advanced stages of HIV infection is usually called Acquired Immunodeficiency Syndrome
(AIDS). AIDS is one of the leading causes of death worldwide that is affecting virtually every
nation. Even if HIV/AIDS is not permanently curable, main methods used to fight against
it are preventive mechanisms (which include: abstinence, faithfulness and protection) which
mainly rely on the level of behavioral change of the population, and providing Antiretroviral

Therapy (ART) for those infected [105].

Mathematical models have played a major role in increasing our understanding of the dynamics
of infectious diseases. Several models have been proposed to study the effects of some factors
on the transmission dynamics of these infectious diseases including HIV /AIDS and to provide
guidelines as to how the spread can be controlled. Among these models include those of An-
derson et al. [90] who presented a preliminary study of the transmission dynamics of HIV by
proposing a model to study the effects of various factors on the transmission of the disease,
Stilianakis et al. [76] who proposed and gave a detailed analysis of a dynamical model that
describes the pathogenesis of HIV, and Tripathi et al. [3] who proposed a model to study the
effects of screening of unaware infective on the transmission dynamics of HIV/AIDS. Several
other models proposed to study dynamics of HIV/AIDS can be found in ([[I], [11], [12], [21],
[56], [59], [69], [71], [84]], and the references therein).

To assess the impact of incidence functions in the estimation of the long-term dynamics of
the disease, mathematical models of infectious diseases are useful tools for comparing control
strategies and identifying key disease drivers as well as important areas of uncertainty that may
be prioritized for urgent research. Large amount of work done on modeling the spread of HIV
has been largely restricted to ordinary differential equations, though studies which have incor-
porated the combination of condom use, public health education campaigns, and treatment of

infected individuals for eradication of the epidemic [[57]— [117]].

Mathematical modeling enjoys popularity in both preventing and controlling infectious diseases

such as severe acute respiratory syndrome (SARS) [77], human immunodeficiency virus infec-

tion/acquired immune deficiency syndrome (HIV/AIDS) [15], H5N1 (avian flu) [I12] and HIN1
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(swine flu) [87]. In recent years, a lot of efforts have been made to develop realistic diseases and
further study the asymptotic behavior of such epidemic models [119]. In the field of studying
epidemic model behavior, one of the most important parts is to analyze steady states together

with their stability [64].

This thesis considered a deterministic mathematical model for age structure, the combined effect
of unaware immigrants, different mode of transmissions and aware immigrants, for predicting
the epidemiological trends of HIV that exploits HIV surveillance data to model the disease
evolution in Ethiopia. Based on real data collected from different health sectors we recommend
some solutions which depend on our control parameters that help the stake holders to control

the spread of the considered disease.

5.2 Mathematical Model

5.2.1 Model Assumption

In the original model [I17] they developed a mathematical model to describe the population
dynamics of HIV/AIDS disease based on the following assumptions:

The population under study is heterogeneous and varying with time.
® The whole human population is divided in to five classes.

e The HIV can be transmitted by the sexual intercourse with infective peoples, vertical

transmission and blood borne transmission.
e The full blown AIDS class is sexually inactive.
e Assumed that the seropositive/treatment class could not transmit the disease.
e All the new infected people are assumed to be initially unaware of the infection.

e The probability of transferring the disease to susceptible population by unaware infected

person is more than by aware infected person i. e. f; > fs.
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Here in the present study we develop a mathematical model by incorporating the following

assumptions to describe the population dynamics of HIV/AIDS disease:

Susceptible people divided in to two; sexually mature and sexually immature.

Sexually mature people infected by sexual contact and blood borne transmissions.

Sexually immature people infected by blood borne transmission only.

Pre-AIDS compartment is added and people from this compartment can infect susceptible

individuals with sexual contact rate 3 and blood borne transmission rate o.

5.2.2 Compartments of population for the present model

We divided the total population N(t), into seven compartments: S1(¢),52(t),[1(t),L2(t),P(t),Sy(t),
and A(t). Si(t) represents the number of sexually mature susceptible individuals (age 15 years
and above); Sy(t) represents the number of sexually immature susceptible individuals (age below
15 years); I(t) represents the number of unaware HIV-positive individuals ; I5(t) represents
the number of aware HIV-positive individuals ; P(t) represents the number of HIV-positive
individuals in the pre-AIDS stage; S,(t) represents the number of individuals who are receiv-
ing ART and keeping themselves from unsafe sex and behavioral change; A(t) represents the

number of individuals with full-blown AIDS.

5.2.3 Flow of the people among the compartments

The sexually mature susceptible individuals are recruited into the population at a constant
rate (). This sub population is reduced by infection, following effective contact with infected
individuals through sexual and blood borne at the rate [511; + 212 + 63}7]% and o[l; + I, +
P]% respectively. It is reduced further by natural death at a rate p. The sexually immature
susceptible individuals (age below 15 years) are recruited into the population at a constant
rate (). This sub population is reduced by infection, following effective contact with infected
individuals through blood borne only at the rate o[l; + I, + P]% . It is reduced further by
natural death at a rate p. Once an individual is infected, he/she becomes infectious. The

population of HIV positive individuals or infective who do not know their status is increased

by infection of susceptible individuals at the rate [511; + fol2 + ng]%, o[l + I, + P]% and
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o1+ 1+ P) %, vertical transmission at the rate of (1—¢€)¢, variable inflow of unaware infective
at the rate of p; . It is decreased by screening which leads to status awareness at the rate 6,
development to Pre-AIDS, progression to full blown AIDS, transform through treatment and
natural death at the rates , uy,d1, k1 and p, respectively. The population of HIV positives or
infective aware of their HIV status is generated by screening of unaware infective at the rate 6,
variable inflow of aware infective at the rate of py and decreased by development of pre-AIDS
at the rate ugy, development of full blown AIDS at the rate d5, transform through treatment at
the rate of k9, and natural death at the rate p. The pre-AIDS population is increased by the
rate u; from unaware infective and uy from aware infective. This sub population is diminished
by progression to full blown AIDS at the rate d3, transform through treatment k3 and natural
death at the rate u, Treated population is increased by the rate of k; from unaware infective,
I, ky from aware infective, Iy and ks from pre-AIDS, P. It is decreased by natural death at
the rate p. Finally, the population of individuals with AIDS is increased by progression to
full blown AIDS at the rated; for unaware infective, do for aware infective, d3 for pre-AIDS
individuals. It is decreased by natural death at the rate u and by disease-induced mortality at

the rate a.

5.2.4 Flow Diagram of the Model

Using the above assumptions we developed the following flow diagram.

< pls,i liI—E]t,flf, Palz
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Figure 5.1: Flow diagram of the present model.
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Based on the above basic assumptions and flow diagram we do have the following corresponding

dynamical system represented by seven non-linear ordinary differential equations.

as S S

= Qi [AL+ Baly + Pl — [+ I+ Ploss — Sy (5.1)

ds S.

— = QeI+ Lt Plo? — Sy (5:2)

dl S S S,

ditl = [Bily + Boly + @)’P]Nl + L+ I+ P]Uﬁl + L+ 1+ P]aﬁz +pihh
+(1—e)]1¢—(k1—|—0+51—1—u+u1)]1 (53)

dl.

ditz :pgjg—i-fle— (k?g+52+ﬂ+’d2)]2 (54)

dP

% = Ulfl + u2]2 - (53 + ]{33 + M)P (55)

ds,

ﬁ = kljl + k?g]g + kgP - ILLSp (56)

dA

E = 51[1 + 52]2 + 53P — (Oé + ,LL)A (57)

With initial conditions

51(0) = 5107 SQ(O) = Sgo, 11(0) = [10, IQ(O) = 120, P(O) = Po, Sp<0) = SpoaTldA<O) = Ao (58)
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Table 5.1: State variables of the HIV/AIDS basic model

Symbole | Descripition

Si(t) Sexually immature Susceptible at time ¢

Sa(t) Sexually mature Susceptible at time ¢

I(t) HIV-infected individuals unaware of their status
I(t) HIV-infected individuals aware of their status
P(t) Pre-AIDS individuals at time ¢

Sp(t) Treated individuals at time ¢

A(t) AIDS individuals at time ¢

Table 5.2: Parameters of the HIV/AIDS basic model

Parameter| Parameter Description

Q1 Recruitment in to sexual mature population

Q- Recruitment in to sexual immature population

b1 The horizontal transmission rate of unaware infective to susceptible
individuals

Bo The horizontal transmission rate of aware infective to susceptible
individuals

B3 The horizontal transmission rate of Pre-AIDS to susceptible indi-
viduals

o Rate of transmission through blood borne

01 Rate at which unaware infective develop full blown AIDS

09 Rate at which aware infective develop full blown AIDS

03 Progression rate of Pre-AIDS individuals to full blown AIDS
Natural mortality

0 Rate of status awareness due to screening method

k1 Rate of treatment of unaware infective

ko Rate of treatment of aware infective

ks Rate of treatment of Pre-AIDS

D1 Rate of unaware infective immigrants

D2 Rate of aware infective immigrants
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Up Rate of progress to Pre-AIDS from unaware infective
Us Rate of progress to Pre-AIDS from aware infective

[0) Rate of vertical transmission

€ Probability of death at birth

Q@ AIDS induced death rate

5.2.5 Model properties

System will be analyzed in a domain Q C R’ where Q = {(S1, Ss, 1, I, P, S,, A) €
R"}.

Theorem 5.1 (positivity). The solutions of the dynamical system with initial con-
ditions ([5.8) satisfy Si(t) > 0,8(t) > 0,1,(t) > 0, 1(t) > 0,5,(t) > 0, P(t) > 0, A(t) > 0 for
allt > 0. The region  C Ri is positively invariant and attracting with respect to system —

5.

Proof. To show the positivity of the solution of the dynamical system comprising the equations
b.1 [5.7, we have to consider and verify each differential equation and show that their solution
is positive.

We define:

t=sup{t >0:5:(t) >0,52(t) >0,11(t) >0, 15(t) >0,P(t) >0,5,(t) >0 and A(t) > 0}
From the continuity of Si(t) > 0,5(¢t) > 0,1(t) > 0,15(t) > 0,P(t) > 0,5,(t) > 0 and
A(t) > 0, we deduce that ¢ > 0. Now if £ = +o0, then the claim holds. That is, Si(t) >
0,52(t) > 0,I;(t) > 0,15(t) > 0,P(t) > 0,5,(t) > 0 and A(t) > 0 for all ¢ > 0. But if
0 <t < +o0, from the definition of ¢ it follows that,

S1(t) =0 or Sa(t) =0 or I1(f) =0 or Iy(t) = 0 or P(t) =0 or S,(t) = 0 or A(t)=0

First let us consider the differential equation of the dynamical system

Bt =Q1 = (Bl + aly + B3P 3 — o [ + L + P] 3t — uS)

S B gt = Q where q(t)=[(B+0) (1) + (Bat o) T (1) + (B + ) P (1)) oty
This is a first order linear ordinary differential equation.

Now we can find the integrating factor

py () = eJlatidt — QO+t where Q(t) is the anti-derivative of g(t).

Multiply all the terms in the differential equation by the integrating factor and do some sim-

plification.
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= (eQ(tHutSl (ﬂ)l — QleQ(t)+“t
Integrating both sides

t / t
I (GQ(S)Jrusgl (S)> ds = [ Qe@®)+nsds
0 0

t
= Q)us g (S)‘; _ f@leQ(S)ﬂwdS
t
= QOGS (1) — eQ0S (0) = [QeR)FHsds
0
t
= GQ(t)Jr“tSl ( ) = €Q Sl ( ) + leeQ(s)Jr“SdS
0
Q) 1 ¢ Q(s)+us
= 51 (t) T Q) +nt S (O) + eQ(t)wEf Qle ds

= S (t) = 5; (0) e"QW+R0)— ”t+lee (Q(s)=Q()+u(s—1) 4 g

From this solution that S;(t) is posmve since S1(0) > 0,Q; > 0 and the exponential function
always positive.

Secondly let us consider the differential equation .

D2 =Qy— o[l + I+ P 52 — 1S,

= 4% L [g+ 4] Sy = Q2 where q(t) = [I1 (t) + L2 () + P (¢)] N

This is a first order linear ordinary differential equation.

Now we can find the integrating factor

pi (t) = eJlatuldt — (QO+ut here Q(t) is the anti-derivative of ¢(t).

Multiply all the terms in the differential equation by the integrating factor and do some sim-
plification.

eQ(t)ﬂtt% + [q + p] QOIS = QneQM)+nt

= (eQ(t)+ut52 (t))/ = (QyeQW+nt

Integrating both sides

z <6Q(S)+u852 (3)>,d3 — ZQgeQ(s)+“sds

t
s Qs)tusg, (S)‘; = [ QueRds
t
= Q0+t G, (1) — eR0) G, (0) = [ QeeR)trsds
0
t
= 6Q(t)+,ut52 ( ) = GQ SQ ( ) + f QQ@Q(S)JF“SCZS
0
— 20 1 Q(s)+ps
= 5 (t) = QT at Sy (0) + eQ(t)+ALt£Q2€ ds

o S, (1) = Sy (0) e~ QUHROInt | [ 0 (Qs)-QO) (1)

0
From this solution we can observe that Sy(t) is positive since S5(0) > 0, Q2 > 0 and the expo-
nential function always positive.

Thirdly let us consider the differential equation ([5.3))
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o — (3L + foly + BsPI 3 + o [+ o+ P13t + o [l + I, + P] 32
+pihh+ (1—€) ol — (ki +0+ 61 +p+u)
=D L K- (Bi+0)t —o2] = (Be+0)22 + (B3 +0)2 +o(lo+ P) %2
where K = (k1 +0+ 01 +p+u) —pr— (1—¢€)¢
This is a first order linear ordinary differential equation.
We can find the integrating factor

51 S2

p (t) = eJIE-(Brvo) o]t _ oKi-(Bi+0)Q0)-o M) where Q(t) is the anti-derivative of ‘?\}é:))

and M (t) is the anti-derivative of }qu((f))

Multiply all the terms in the differential equation by the integrating factor and do some sim-
plification.

1
= [(Ba-+ )5+ (B + 0) B+ (T + P) ] eKt-ror0-o0
= (eRt-(rraR-oM (t))’
= [(62 +0)23 4 (B3 +0) B + 0 (L + P) %} eKt=(rto)Qt)—aM(®)

Integrating both sides from 0 to ¢ will give us
1 i
L[[)l (eKS_(ﬂl-‘ro')Q(S)_o—M(s)[l (S)) ds

Kt=(B1+0IQW=o MW AL 4 ([ — (8 + o) 5t — gSa]eKi=(Br+o)Q0)-oM (@) |

t
— ] [(Bo+ )28+ (By 4+ 0) B2 + 0 (I + P) 2] Ko~ (1000
0 —_

o Ks—(Brta)Qe)—oM(s) (3)’;

7
= | [(Be +0) 2 + (B3 + 0) 5 + 0 (I + P) 53] efem ()@l =oMe) g
0
- K= (Br+o)Q(T)—oM (7) I; (F) — e~ (0r+0)QO)=MO) [ (0)
7
J [(52 +0) 25 4 (B3 +0) 5 + 0 (I, + P) %} oK s—(B140)Q(s) =M (s) ]

0
= KI=Br+)Q(8)—oM(T) 1, () = e~ (Br+0)QO-MO) I, (0)

0
(B4 0V + (s + )5 4 0 (I + P) ] Ko PrroIe oo g
0
_ e—(B14+0)Q(0)—M (0)
= L) = & Grman e 1 (0)

t
+eKZ*(B1+a)1Q(¥)*"M(Z)‘£ [(62 +0) B+ (Bs+0) 53t + 0 (I, + P) %] eKs=(Brro)Q(s)=oM(s) 4 g
= I, ({) = I, (0) e—Ki+(ﬂ1+o)Q(E)—(61+U)Q(0)+0M(i)—M(0)

_ - — 1
+6_Kt+(51+")Q<t>+"M(t>£ [(62 +0) 25 4 (B3 +0) 22 + 0 (I, + P) %} els=(Brto)Qs)—oM(s) g

= I, () = I, (0) e KT+ Br0)Q())=(Br+0)Q)+oM (7) =M (0)
t - - _
+£ [(62 + U)IQNi + (63 + O_)PTSl +o (I2 + P) ST\?} 6K5—Kt+(,81+U)Q(t)—(61+0)Q(5)+0M(t)—JM(s)ds
since I1(0) > 0 and from the definition of #, we see that Sy(t) > 0, S5(t) > 0, I(¢t) > 0, P(t) > 0
and also the exponential function always positive, then the solution I;(f) > 0. Hence, I(?)

could not be zero.
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Fourthly, let us consider the differential equation (/5.4))
% = pals + 011 — (kg + 62 + 1+ uz) I

= %"‘h[g = 01, where h = (ky + 82 + pt + us — po)
This is a first order linear ordinary differential equation.
Now we can find the integrating factor

() = o hdt _ oht

Multiply all the terms in the differential equation by the integrating factor and do some sim-
plification.

eht% + he I, = ™01,

= (Ghtlg (t))l = eI,

Integrating both sides from 0 to t will give us

t / t
[ (ehSIQ (s)) ds = [e*01,ds
0 0

= (ehslg (3))‘2 = }ehsellds
0

O o+ O— I

= ehglg (t) — I (0) 6h5911d$

= eI, (1) = I, (0) + [ "0l ds

t
= I (%) = ?}EIQ (O) + ﬁfehseflds
0

= I (F) = Iy (0) e~ 4+ =M [ k61, ds

since I5(0) > 0 and from tltr)le definition of ¢, we see that I,(t) > 0 and also the exponential
function always positive, then the solution I5(¢) > 0. Hence, I5() could not be zero.

Fifthly, let us consider the differential equation (}5.5]).

%1; = urly +uply — (03 + ks + p) P

= %—i—(dg—'—kg—i—ﬂ)P:ul[l—i‘UQ[g

This is a first order linear ordinary differential equation.

Now we can find the integrating factor

n (t) _ ef(63+k3+,u)dt — (Os+ks+p)t

Multiply all the terms in the differential equation by the integrating factor and do some sim-
plification.

6(53+k3+u)t% (05 + Ky + p) e thetmt p = oGatkait (4 T} 4 gy )

- (6(53+k3+u)tp)/ = etk tit (4 [} + uy L)

Integrating both sides from 0 to t will give us

t ! t
[ (6(53+k3+u)3p (3)) ds = [ e@sthatms (y I} + uyly) ds
0 0

70



t

— (p(sthkstn) sp( )) o(Ga+ka+11)s (ur Iy + uply) ds

O — I

[e=]

6(63+k3+“)s (Ulll + UQIQ) dS

Y

o%&\ O"‘H\

(6 03+k3+p) tP ) _ P (O)

6(63+k3+u)5 (Ulll + UQ]Q) ds

Y
+

e (63+ks+p) tP ) =P (0)

t
b P (0) + e [ e FRa s (y [} 4 uyLh) ds

5(53+k3+u)t

= P(t) =

6(53+k3+u)t

= P () = P(0) e~ Gsthatml 4 o=(athatp)l } Gstks+1)s (yy I + ugly) ds
since P(0) > 0 and from the definition %f t, we see that I,(t) > 0,l5(t) > 0 and also the
exponential function always positive, then the solution P(f) > 0. Hence, P(f) could not be
zZero.
Let us consider the differential equation (/5.6]).
Bo = 1) + koly + ks P — S,y
= B 4 1S, = k1) + koly + ks P
This is a first order linear ordinary differential equation.
Now we can find the integrating factor
p (1) = el 1t = ot
Multiply all the terms in the differential equation by the integrating factor and do some sim-
plification.
B 4 et S, = et (ky Iy + koly + ksP)= (e"S,) = e (ki Iy + kol + k3P)
Integrating both sides from 0 to t will give us

7 , i
[ (e"S, (s)) ds = f e’ (kyIy + koly + k3 P) ds
0

= (e“sSp (S))| —fe“s( Il+k212+k3P) ds
_ t
= €Mt5p (f) ( ) fe“s (klfl + koly + kgp) ds
0
_ t
= e“tSp (f) ( ) + fe“s (klfl + kols + /{33P> ds
0

= Sp (t) = E%Sp (O) —+ E‘(])‘@“S (]ﬁ[l —+ ]i]z[z -+ kgP) ds

= S, (t) =S, (0)e "+ e—ﬂf} e (kyIy 4 kol + ksP) ds

since S,(0) > 0 and from the0 definition of ¢, we see that I,(t) > 0, I5(t) > 0, P(t) > 0 and also
the exponential function always positive, then the solution S,(¢) > 0. Hence, S,(f) could not
be zero.

Finally, let us consider the differential equation .

A = 5111 + 621 + 6P — (a4 p) A

= 9+ (a+p) A=011 + 015 + 65P
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This is a first order linear ordinary differential equation.

Now we can find the integrating factor

iy () = eJ tmdt — glatt

Multiply all the terms in the differential equation by the integrating factor and do some sim-
plification.

eletmtdd 4 (o + i) et = et (6 1) + 6,15 + 03 P)

= (el A) = @t (5,1, + 61, + 5 P)

Integrating both sides from 0 to ¢ will give us

t
[ (e(o‘+”)SA (S)) ds = f elotm)s (0111 4 0215 + 03P) ds
0
7 f
= (e(a-‘rﬂ)SA (3)) ‘0 = f e (atp)s (51[1 + 0ols + 03P )d
0

= et A (1) — A(0)

O o+ O— I

(& (atn)s ((51[1 -+ 52[2 + 53 )d

— @A (7) = A(0) + [ elotms (5,1, + 6,15 + 65 P) ds

t
= A (f) =1 _4 (0) + f e(a+,u)s (51]1 + 52[2 + 53P) ds

elatp)t

(wlw)?
S A(T) = A(0) e~ @ 4 o=@t [ (@ ti)s (5,1, + 5y, + 54 P) ds

since A(0) > 0 and from the deﬁnl(‘)cmn of t, we see that I,(t) > 0, I5(t) > 0, P(t) > 0 and also
the exponential function always positive, then the solution A(#) > 0. Hence, A(?) could not be
zero.

Therefore all the state variables at ¢ could not be zero, implies that ¢ is not finite. Consequently

t = +oo, so that for all t > 0, Sy(¢) > 0,5(t) > 0,1;(t) > 0,1(t) > 0,P(t) > 0,5,(t) > 0
and A(t) > 0. By this we have shown that all the solutions of system (5.1]) to (5.7) are in R”,

provided that the initial conditions are positive. O

We now show that all feasible solutions are uniformly bounded in 2.

Theorem 5.2 (Boundedness). The feasible region Q2 of the dynamical system to 18
defined as:
Q = {(S1(t), S2(t), I (t), I(t), P(t), Sp(t), A(t)) € RT. : 0 < N(t) < Q1+Q2} is bounded.

Proof. We assume that all state variables and parameters are positive.

Here we haveN251+52+II+IQ+P+SP+Athen

AN _ dS; | dSy , dl | dly | dP _ dS

@ =@ T e Ta T T atd p+

Summing up all the seven equations from systems (5.1]) to 1) and assuming the inequality
pili+ (1—€) ¢l + palo < aA we obtain & < Q1 + Q2 —
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= < dt integrating both sides

m
fm < fds

(@i + Q2 pN (1) —In(Q1 + Q2 — uN (0))] < ¢
= [In(Q1 + Q2 — uN (1)) — In(Q1 + Q2 — uN (0))] > —pt

Q1+Q2—pN(t) _
= In [Qﬁ@i—w(m] = —put

Q1+Q2—puN(t) —put
= [Q1+Q2—MN(0)] ze

= Q1+ Qo — uN (1) > e (Q1 + Q2 — uN (0))

= Qi+ Qo — N (1) > (Q1 + Qo) eH — uN (0) e ¥

= pN(t) < Qi1+ Q2 — (Q1+ Q2) e + uN (0) e < Q1 + Q2 + uN (0) e+

= N () < @502 4 N (0) e

Thus as t — oo we have 0 < N(t) < W which indicates that the total population is
bounded. O

5.3 Stability Analysis of Disease Free and Endemic Equi-

librium Points

In this section we identify the equilibrium points of the model developed in this study and
provided as a system of equations from (5.1]) to (5.7). We also analyze their stability conditions
and present the results. The system exhibits two types of equilibrium points; disease free

equilibrium point and endemic equilibrium point.

5.3.1 Disease Free Equilibrium Point

The disease free equilibrium point of the model to IS obtained by setting ¢ dsl = % =

dh _ dl _ dP _ dSp _ dA _ .
g =Gt =9 = b =% =0. Further at the disease free equilibrium point there are neither
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infective people nor AIDS patients. Then

ds S S

ditl =Q — [51[1+5212+B3P]N1— [[1+I2+P]0N1_MSI =0

dSy Sy B

at = Q2 — [[1+12+P]0N—,u52 =0

drl S S S

ditl = [51[1+52]2+53P]N1+ [[1+IZ+P]UN1+[[1+I2+P]UN2 +pily

—|—(1—e)Il¢—(k1+9+(51+u+u1)Il:O

dl.
d—;:p2[2+11(9—(k2+52—|—u+u2)[2:()
dP
EZU1[1+U2[2—((53+]€3+M)P:O

d

$2k1[1+k2[2+kgp—uspzo

dA
%:51[1+52[2+(53P—<&+M>A:0

This system reduced to

Q1 —puS1=0
Q2 — Sy =0

Since at disease free we have Iy = [, =P =A=5,=0
Thus Q1 — uS; =0

= wS1 = 1

= 9 = %

And Qy — 1Sy = 0 = puSs = Qs

And hence we obtain the disease free equilibrium point of the dynamical system is F, =

(€ 0,0,0,0,0).

o
Basic Reproduction number

The basic reproduction number is defined as the average number of secondary infections that
occur when one infective is introduced into a completely susceptible host population [26]. We
can calculate the basic reproduction number, Ry, using the next generation approach proposed
by van den Driessche and Watmough [85]. According to this approach, in order to compute the
basic reproduction number, it is important to distinguish new infections from all other class

transitions in the population. The infected classes are Iy, 5, and P. We can write system

(5.1)-(5.7) as: © = F(x) — V(x),V =V~ = V*, where x = (51,52, 11, I, P,S,, A). F is the
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rate of appearance of new infection in each class, V'~ is the rate of transfer into each class by
all other means, and V7 is the rate of transfer of the infectious individuals out of each class.
Using system of differential equations below

dr,

S S S
T [51—71‘1‘52]2‘1‘53}7]*14‘[11+]2+P]0N1+[]1+[2+P]U*2+p1]1

N N
+(1—6>11¢—(k1+6+51+ﬂ+ul)]1:O

dl.

7;Zpgfg—i‘flg—<k2+52+M+U2)IQZO

dP

%ZU1]1+U212—((53+]€3+M)P:O

dA

E:61]1+52]2+53P—(O[+/,L>A:0

ds,

T;Zk1]1+k212+kgp—ﬂsp20

s S S
CT;=Q1—[61]1+52]2+53P]N1—[11+IQ+P]UW1—/L51:O
dSs So

22 Qo — I + I + Plo=2 — S, =

il Q2 — [+ 1+ ]UN 1Sy =0

The associated matrices, F'(z) for the new infection terms, and V' (z) for the remaining transition

terms are respectively given by,

(6111 + Bl + BsP13 + oIy + Iy + P15t + o1y + I, + P]32
0

o o o o O

(k1 + 0401+ p+u)ly —prly — (1 —€)ply
(kg 4 02 + o 4 ug) Iy — paly — 014
(53+]€3+M)P—U1]1 _u2_[2

V(z) = (v + p)A — 0111 — b2l — 63P
wSy — kily — koly — k3P
pS1 — G
Sz — (2
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Evaluating the partial derivatives of F(x) and bearing in mind that system (5.1)) — (5.7) has

three infected classes, namely Iy, I, and P, we obtain

(Bi+0)t+02 (Bot0)St+02 (Bs+0)S +o2
F(z) = 0 0 0
0 0 0

At disease free equilibrium point we have S; 4+ S5 =~ N. Thus

S1 S1 St

6151-1—52 +o 5251-1—52 +o 6351-1-5'2 +o
F= 0 0 0
0 0 0

Q Q Q
51 Q1+1Q2 +o 62Q1+1Q2 +o B3Q1+1Q2 +o
= F = 0 0 0
0 0 0

Similarly, the partial derivatives of V(z) with respect to I, I and P at Ey gives

V = —0 (k2+52+M+U2—p2) 0
—uy — Uy (03 + ks + 1)

To get V1, we use the adjoint matrix method.

1 :
Vo= W@dj (V)

Then
Vi 0 0
det(V)=|-0 WV, 0

—Up —Ug Vg
where V1 = (k1—|—9+51+,u+u1—p1— (1—6)¢), VQI (k2+(52+ﬂ+lb2—p2) and V3:

(63 + k3 + p)

To get the adjoint matrix of V', first we will find the cofactors of each entry of matrix V' as

follows:
ko + 02+ 1+ us — 0
Cll _ (_1)1+1 ( 2 2 M 2 p?) _ V2V3
—Us (03 + k3 + p)
—0 0
Cp = (=1)"? = 0V,
—uy (03 + k3 + )
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=V,Vs
(63 + k3 + p)
0
= u2V1
0
-0
0
0

= V1V,

(ko + 62+ p1 4 ug — p2)

0 (kg + 0y + p1+ uy —
Chg = (—1)1F3 (het o tptua=p)l o 0o,
—U1 — U2
0 0
021 _ (_1)2+1 —0
—uy (03 + ks + 1)
C _( 1>2+2 (k1+9+51+ﬂ+ul_pl_(1_€)¢)
22 = (—
—uy
oy = (—1)2 (k1 +0+0+p+u—pr— (1—¢€)9)
23 = (—
0 0
031 _ (_1)3+1 =0
(]{72+(52+M+U2—p2) 0
O = ( 1)3+2 (k1 +0+0+p+u—pr— (1—€)9)
32 = (—
—0
Cly = ( 1)3+3 (ki4+0+0+p+u —pr— (1—¢€)¢)
33 = (—
—0
The matrix formed by the cofactors is
Cii Ci2 Cis VoVs  0Vs  Ous +u1 Vo
C= Cy Oy Oy | = 0 ViV3 uaVy
Cs1 Cs Csg 0 0 V1V,
VaVs 0 0
then adjV = CT = 0V V1V3 0
9U2 + u1V2 Ugvl V1V2
Therefore
VaVs 0 0
V3i=mmudi (V) =gwe | 0Vs  ViVs 0
Ouy + 141 Ve waVy ViV
o 0 0
=V o V1Va %2 0
Ous+ui1 Vo u2 i
V1VaV3 VaVs3 V3
Ay Ay A o 0 0
FV==10 0 0 oo 5 0
0“2 u1Va u
0 0 0 V1+V2V3 VaV3 VLJ



where A; = 51(021%@2 +o, Ay = Qﬁl@g + o0 and Az = (3 Ql%Qz + o then
1 6 Ouo+u1V 1 u 1
A1V71 + A2 V1Va + A3 V21V21V32 A2V72 + A3 V22V3 A3V73
FV—1= 0 0 0
0 0 0

We find the eigenvalues of FV ™! by solving the characteristic equation |FV =1 — XI| =0

1 6 Ous+u1V 1 u 1

Alvﬁ + Ay vivs As vf%zlv; —A AQVT + A3 B A3VT,

= 0 - 0 |=0
0 0 -
1 [% Ouo+uiVa 1 u2
- (_)\) A1V71 + A2V1V2 + A3 VlJ%zV:s —A A2V72 + A3V2V3 =0
0 -
6 Ous+u1V

= () (=0 (Aig; + Aagl + AT —0) =0
= \? (A1VL1 + A27V19V2 + Agieézl—g;lvv: — )\) =0

= A2 =0and \3 = Alv% + Azﬁ + Ag%% thus the spectral radius of F'V ! is given by

RO = Imax P\LQ, )\3] = )\3

Therefore the basic reproduction number of the model is

1 0 0U2+U1VQ
Ry=Aj— 4+ Ay p Ag2 172
0 1v1+ 2v1v2+ RVAVAVA

From this we can observe that the contribution to the reproduction number by unaware infective
I is Rél = A1V% , the contribution to the reproduction number by aware infective I, is

RI2 = Ay and the contribution to the reproduction number by pre-AIDS individuals P is
0 V1Va

P _ OQua+u1Vo
R = Az AP

We now investigate the local stability of the disease free equilibrium point.

Local stability of the disease free equilibrium point Ej

Theorem 5.3. The disease free equilibrium point Ey of the system of ordinary differential

equations — is locally asymptotically stable if Ry < 1 and unstable if Ry > 1.
Proof. Initially at ¢ = 0, S;(0) > 0,52(0) > 0,1,(0) > 0,15(0) > 0,P(0) > 0,5,(0) > 0

this means initially there is no AIDS patient. Hence, we only consider the subsystem of six

equations (5.1] to |5.6). The Jacobian matrix associated with the subsystem equations at the
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disease free equilibrium point Ey = (£, €2.0,0,0,0,0) is given by:

R
—1 0 —(Bito)gty —(h+olgiy —(Bk+oglyg O
Q Q Q
0 —n gt GG 0ot 0
0 0 A —V, Ay As 0
J(Eo) =
0 0 0 -V 0 0
0 0 U1 U2 _VS 0
L 0 0 kl ]{32 k3 —/L_
The characteristic equation |J (Ey) — AI| =0
—p = A 0 —(B1 +0) Qlc_gg_lQQ —(B2+0) inlQQ —(B3 + o) Qf_gi_lQ2 0
Q Q Q
0 —u-A 0o ReTeTon 0o 0
0 0 A —Vi— A Ay As 0 0
0 0 0 —Vy— A 0 0
0 0 U1 U9 —Vg —A 0
0 0 ]{71 kg /{33 — Ul — A
Al — V1 - A A2 A3
= (n+2)° 0 “Vy-A 0 |=0
Uy (75) —V3 - A
A A A —Vi— ) A
= (u+ N -0 S L AV =0
(%) —Vg - A Uy —Vg - A

= (+ N0 (A2 (V3 4+ N) +ugdz) + (Vo + ) (A — Vi = A) (Va+ A) +ugdz)] =0

= A=—por [0(A2(Vs+ ) +uAs)+ (Va+ ) (A —=Vi—=XA)(Vs+ ) +u43)] =0

= 0AyV3 + 0 A\ + Oug Az + (Vo + ) (Vs + A) (A1 — Vi = A) + (Vo + N ug A3 = 0

= 0A3V3 + 0 Ao\ + Oug Az + (VaVs + (Vo + V3) A+ A2) (A — Vi — \) + Voug Az + My Az = 0

= 0A5V3 + A\ + Oug Az + A1V V3 + Ay (Vo + Vi) A+ A0 — V VoV — V) (Vo + V) A
—ViA2 = AV, V3 — (Vo + V3) A2 — X3 + Vou  As + Mg A3 = 0

= N+ (Vi +Va+ Vi — AN+ (V1Vy+ V1Vs+ VoVs — 0A; —u Az — A Ve — A1 V3) A
+(V1VaVs3 — A1 VoV3 — Vauy Ag — Oug As — 0A,V3) = 0

Let By = (Vi + Va2 + V35— A)
By = (V1Vy + V V3 + VoVs — Ay — ui Az — A1V, — A1 V3)
Bs = (V1VyV3 — A1V, Vs — Vau Ag — Qug Az — 0A,V5)

Then the characteristics polynomial equation becomes
N+ BN + BoAd+ B3 =0
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If we show that By, B, and Bj are positives, then the necessary condition of Routh wuritze
criteria satisfied.
Now

1 0 0“2 + U1V2 B A1VQV3 + A29V3 + A39U2 + A3u1V2

Ry=A— + A A —
0 =Aig, Ty y, T V,V,Vs V,V,Vs

For Ry < 1 we have

A1VaV3+A20V3+Azbus+Azui Vo <1
V1VaVs

= S <1l= g <1
=A<V, =V -4>0
= B; >0 Since By =V, +Vy+V3—A; =Vy+ V3+V; — A; where V, > 0 and V3 > 0.
By = (V1Va+ V1V3 4+ VoV — 04y —uy Az — A1Vy — A1 V3)

=V (Vi— A1)+ V3 (Vi —A) + VaV;3 — (0Ay + uy As)
Thus By > 0 when VoV3 > (0A; + ujAs)
B3 = (V1VyVs — A1 VoVs — Vouy Ag — Qug Ay — 0 A5V 3)

= ViV (1 gt — 3 — i - 9%)

=V1V,V3 (1 - (Vii + vllvi, + V1V22é3 + V1V22)>
= V1VyV3 (1= Ry)

If Ry < 1, then B3 > 0.

Thus all coefficients of the characteristic polynomial are positives for Ry < 1.
Now consider the following Routh array to determine the sufficient condition.
To see the sign of eigenvalues we use Routh — Hurwitz criteria.

Consider the following Routh — Hurwitz array

A1 B,
N | B, Bs
MIB 0
M| C
1 By B
whereB:% zaundC:jB1 ! ’
B, Bs B 0
Now
—111 B, 1
BZ? :§(33_BIB2>
1|B;, B 1
~ LY BB, By
=B 12 3
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For B1By — B3 > 0= BBy, > B3 we have B > 0

—1|B1 Bs —1

BBs

= = B3>0
B 3
=(C>0

Since all elements of the first column of the array have the same sign then by Routh — Hurwitz
criteria all roots of the characteristic equation have negative real part, thus the disease free

equilibrium point is locally asymptotically stable. O

Global stability of disease-free equilibrium point
Theorem 5.4. The disease free equilibrium point Eqy is globally asymptotically stable if Ry < 1.

Proof. Let us construct a Lyapunov function
V= Oé1[1 + OéQIQ + OégP + Oé4Sp + Oé5A

where a;,7 = 1,2,3,4,5 are positive constants to be determined. The time derivative of V is
given by
L R e L e - e
= ([511‘1+521’2+63P]%+a[[1+12+P]%+a[11+12+P]% ~Vil)
+a (paly + 01 — (k2 + 0p + po + ug) I) + az (urly + ualy — (03 + k3 + 1) P)
+ouy (ki 1y + koly + k3P — puS,) + a5 (0111 + 021s + 03P — (oo + ) A)
= ((61+0)%+0%—V1)[1+a1 ((62—1—0)%—1—0%)12—1-041 ((ﬁ3+0)%+0%)P
tag (p2 — (kg + 02 + p + ug)) Io + a1y + asus Iy + agugly — a3 (65 + ks + p) P
+oyki Iy + agkoly — agpuS, + o501y + asdols + as03P — as (a4 p) A
=m ((51 +0) 3% +0%2 - Vl) Iy + 01y + azur Iy + gk Iy + as01 1y
tar ((Ba+0) S +0%2) L+ g (pr— (ka + &2+ p+ ) o + agunly + cuko o
+as00ly+ oy ((53 +0) % S a%) P—ag (63 + ks + i) PHasdsP—aqpS,—as (o + p) A
= {Ozl ((51 +0)3 4032 — V1> + anf + azuy + agky + a551] I
+[an ((Be+0) 5 +0%2) + 0z (p2 — (ko + 0 + 1+ un)) + Qgus + ks + a500] Io
+ {041 ((63—1-0)%4-0%) —a3(53+k:3+,u)+04563}P—a4uSp—a5(a+,u)A
<o (A = Vi) + ol + aszug + agks + as01] I
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+ oAz + g (p2 — (k2 + 02 + p + u2)) + azug + auks + asds) I
+[onAs — a3 (03 + kg + p1) + a503) P — aupuSy — as (o + 1) A
Take the coefficients of I, P, S, and A are equal to zero. Then we get
—as(a+pu)A=0=a;=0
—agtS, = 0= oy =0
()61143—(13(534‘]{734‘#)4‘0(553:O:>041A3—043(53+k‘3+,u) =0
= 041A3 = Q3 (53 + kg +,M)
apAs a1 As

= e e
“ (03 + ks + 1) V3

CY1A2 + o (pz — (k‘z + 52 + 1% + Ug)) + azug + @4]{32 + a552 =0

:>a1A2+a2(p2— (k2+52+M+U2))+043U2 =0
OélAg
Vs

—OZQVQ =0

:>041A2+062(p2—(kz+52+ﬂ+’d2))+

UQZO

N 051A2V3 + 061A3u2
Vs
N &1A2V3 + 041A3UQ
Vs
(03] [AQV;} + A3U2]
VyVs

= Vo

= Qg =

Then

av
— < [Ozl (Al — Vl) + 0420 + aszug + Oé4k31 + ()45(51][1

dt —
dV (03] [AQVg + A3U2] CklAg
— < Al — 1
= T [al( 1 Vl) + V2V3 0+ Vg ui| 141
dV (03] [AQVg + Ag'LLQ} 0 + ()élAgUlVQ
— < Al — 1
T S [O‘l (A =Vi)+ VoVs !
dV (7] [Ang + AgUg] 0 + 041A3U1VQ
— < A — 1
= P [Ofl 1+ A7 a1V | I
dVv A1V2V3 + [AQV;; + Aguﬂ 0 + A3U1VQ
— < -1 1
= S| ( A '
dv
= E < [Oél(Al — Vl) + ol + Oégul]fl
1% <A1VQV3 + A29V3 + Ag [U1V2 + 9“2])
— < — 1|7
= dt — [V ViVaVs Ih
dv
= E < [Oélvl(RQ — 1)]]1

We note that %/ < 0if Ry < 1. Furthermore, % =0ifandonlyif 1 =L =P=5,=A=0.
Therefore, the largest compact invariant set in {(S1, 52, 1, I, P, Sp, A) € Q : 47 = 0}, where
Ry < 1 is the singleton {Ep}. LaSalle’s (1976) invariance principle then implies that Fj is

globally stable in 2 if Ry < 1 otherwise it is unstable. O
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5.3.2 Endemic Equilibrium Point

Similarly here we also consider the system equations (5.1)) — (5.7). At the endemic equilibrium
point E* the disease persists or exists. It is given by E* = (ST, S5, I}, I3, P*, S, A*). We set

) p?

each right hand side in system equations to zero and express I3, P*, S;, A" in terms of I7.

dS S S

7;:Ql—[51[1+52]2+ﬁsp]ﬁl—[I1+]2+P]Uﬁl—us1:0

dSs Sy

— = — |+ I+ Plo— — =

il Qo — [l + I + ]ON 1Sy =0

dl S S S

ditl =[5y +5212+/33P]N1 + L +12+P]0N1 + [+ I —l—P]UNQ +pily
+(1—e)op— (k1 +0+6+p+u)l1 =0

dl

CT;=p2[2+119—(k2+52+ﬂ+u2)[2=0

dP

E:U1]1+U2[2—((53—|-k’3+u)]3:0

d

ds';):klll‘i‘kQIQ‘i‘kgP—MSp:O

dA

E:51[1+(5212+53p—<04+u>14:0

Take the following force of infections at endemic equilibrium point

(Br+o) )"+ (B +0) " + (Bs+0) P*

Al = 5.9
: i (59)
o(L"+ 1" + P¥)
A = 5.10
; IS (5.10)
From equation (5.4 we have
01"
I, = =w " 5.11
2 v, wily ( )
From equation (5.5 we have
ul-[l* + UQIQ* u1[1>‘< + UQGéil* U1V2 + Ugg
Vs Vs VA R (5.12)
From equation (5.6 we have
kD" + kols™ + ksP*  kiIly™ + kowi [1™ + kawo I4™
S = 1117+ Ralo + K3 _ Fih + Rowily™ + Rgwaly = sl (5.13)
1t 1
From equation ([5.7)) we have
01" + 65" + 03 P* 011" + Sowr 1" + d3woI1 ™
A*:11+22+3 _11+2w11+3w21:w4ll* (5.14)

(o + p) B (o + 1)
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e = = (5555) = (S50) o = (i)
From equation ([5.9)) we have
A* . (61 +O')Il* + (,82+0-)IQ*+ (63+0')P*
=
N*
_ (61 -+ O') Il* + (62 + O') wlfl* -+ (B3 + 0') WQIl* _ (I)lfl*
N* N*

where (I)l = (61 +O’> -+ (ﬁg +O')CL)1 -+ (63+O'>w2

From equation ([5.10) we have

0([1* + [2* + P*) . 0'(]1* —|—w1]1* —|—UJ2[1*) . (13211*
N~ B N* - N*

A =

where ®y = 0 (1 + wy + wo)
From equation ([5.3) we have
AJST 4+ ASS; — V" =0

From equation ([5.1)) we have

Q1
— NS —puST=0= 5= ——
@ 191 = Hoy LT Nt
From equation ([5.2) we have
Q2
— NS5 —puS;=0= 55 = ———
Q@2 202 — o2 2T A1 u

Substituting equations (5.15)), (5.16)), (5.18) and (5.19)) in to equation we get
A;ST 4+ ASS; — Vi =0

= A (A*+u> +4A3 (A +u> —Vili" =0

= AQu (A3 + 1) + A5Q2 (A + ) = Vi (AT + ) (A3 +p) 1" =0

= ANALQ1 + AjpQy + ATASQs + AspQy — Vi (AJAS + A+ Aspu+ p?) ¥ =0

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

= A*A* (Q1 + Qz) + Ay ,qu + A3 ,LLQQ VlA*A*Il - VlA’f,uIl - VlA;/JJIl* - Vl,uQIl* =0
= ATA; (Ql + Qg) A*A*V ]1 + AF ,qu A} Vl,ull + A3 /lQQ A;Vlllfl* — V1M211* =0

= AN (Q1 + Q2 — ViI*) + A (uQ1 — Vapdy ™) + As (uQe — Viuli™) — Vil " =0

= 74)1%2*121*2 (Q1+ Q2 — ViIi™) + L= (u@Qr — Vapl*) + B8 (uQo — Viul*) = Vil * =0

= &P, [,*? (Q1+ Q2 — Vili") + &1 I N* (uQr — Vipdy™) + Oo Iy " N* (uQo — Vipdi™)
—~ NV 2" =0

= L@ Do [1" (Q1 + Q2 — Vi [i") + OIN* (uQy — Vipdy™) + @oN* (uQy — Vipuli™)
N3V % =0

= [* = 0 which is DFE or

{@@2[1* (@14 Qo — VL") + &IN* (uQy — Vipdy ™) + @ N* (uQo — Vipli™) — N*Qvllﬂ =0
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= 01D [1" (Q1 + Q2 — Vili") + @1@ (1Q1 — Vipli™) + %LZQZ) (1Q2 — Viuli™)

2
_ (Q1;Q2) VLMQ -0

= 010211 (Q1 4+ Q2 — Vili") + @1 (Q1 + Q2) Q1 — 1 (Q1 + Q2) Vili™ + @2 (Q1 + Q2) Q2
~®2 (Q1+ Q) Vili" — (Q1+ Q2)'Vi =0
= & 1Dy (Q1 + Q2) [1* — D10V [+ D1 (Q1 + Q2) Q1 — Py (Q1 + Q2) Vil + P2 (Q1 + Q2) Q2
~2(Q1+ Q) Vili" = (Qi + Q2)'V1 =0
= P10V 1L — 21Dy (Q1 + Qo) [T — D1 (Q1 + Q2) Q1+ D1 (Q1 + Q2) VL1 — D2 (Q1 + Q2) Qo
+®5 (Q1 + Qo) Vili™ + (Q1 + Q2)°Vi =0
= 010,V [1* + (@1 (Q1 + Qo) Vi + P2 (Q1 + Q2) Vi — @D (Q1 + Q2)) I1*
+(Q1 + Q2) (—P1Q1 — D@2 + (Q1 + Q2) V1) =0
= AL+ BL*+C=0
where A = &,0,V,
B =(Q1+ Q) (9,V1 + PV, — & Dy)
C=(Q1+Q2) (Vi (Q1+Q2) — (P1Q1 + 202))
But C = (Q1 + @Q2) (V1 (Q1 + Q2) — (P1Q1 + $2Q2)) can be more simplified as follows

(Q1+ Q2) (V1 (Q1 + Q2) — (P1Q1 + $202))

i@ 0 (1 - B0 8:00)

= V1(Q1 + Q2)’ (1 - :vl (Zﬁ Q) Vi (221% Q2>D
v o (1- [t s 0r 000
= Vi(Q1 + Qo) (1 - :(61 ;?2(211%;})2) e %D

= V(@1 +@2)* (1 — Ry)

— 2__
Thus [1* _ Bi\/fq 4AC

(Q1+Q2)(¢’1V1+¢2V1*Cbl‘1’2)i\/((Q1+Q2)(‘1’1V1+‘1’2V1*‘P1<D2))2*4<I’1<1>2V1V1(Q1+Q2)2(17R0)
201 P2V

Here we have the following cases.

Case i) for Ry > 1 we have C' < 0 in this case the quadratic equation AI;*? + BI,* + C = 0
has two roots with opposite sign. The negative root is biologically meaningless, hence the
uniqueness of the endemic equilibrium.

Case ii) for Ry > 1 and ®;V; +®,V, — ®,®y < 0 the quadratic equation Al,**+ BI,* +C =0
has two endemic equilibriums.

Case iii) for Ry < 1 and &V + PV, — PPy < 0 the quadratic equation AL*+BIL*+C =0

has two endemic equilibriums. Case iv) for Ry = 1 the model has two equilibriums, namely,
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the disease-free equilibrium point and the endemic equilibrium point, coexisting.
Thus we get the endemic equilibrium point

= (S:,85,IF, It P*, S*, A*) where

Y p?

—(Q1 + Q2) (21 V1 + PV, — D1 Dy)

IF =
! 20,P,V,

j:\/(<Ql + Q2) (D1 V) + 03V — &1D9))? — 40, D, VE(Q1 + Q2)%(1 — Ry)

20,9,V
Ql QQ 0 (U1V2 +u29)
Si=—7F——, 8 =—F—— I, = Ij, PP =——-"1I7,
G e VaVs
0 (u1Va+u26) 0 (u1Vatu20)
_ k:1+k5272+k3 vzvgz IF and A" = 51+5272+53 vzv; I
[ (a+ p)
0 (UlVQ —f-UQQ) 0 U1V2 +u29)
1= (B1+0)+ (52 +o)v2 + (B3 + o) AR o(1+ v, + A )

Local stability of endemic equilibrium point

We now investigate the local stability of the endemic equilibrium point E*.

Theorem 5.5. The positive endemic equilibrium point E* of the system of equations —
is locally asymptotically stable if Ry > 1.

Proof. the linearization of the Jacobian matrix of the system of equations (5.1)) — (5.7)) at any

point is
My 0 M3 My M 0 0
0 My Mo My, My 0 0
Ay Ay Mz —Vy Mz Mz 0 0
JE)=1 0 0 0 -V, 0 0 0
0 0 Uy uy —V3 0 0
0 0 ky ko ks —p 0
0 0 9 3 0 —(a+p)
where My; = — (A +p), M = ( 2) S, Mu=—(%5) 8, My=—(557)5
My =—(As+p), My=— % My, = f\? Mys = —U}q\?,
M= (53010 M= (7)o = (5514 o
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At the endemic equilibrium point the above Jacobian matrix becomes

My, 0 My My My 0 0
0 My My My My 00
AN M-V M Mi 00
JE*)=10 0 0 -V, 0 0 0
0 0 Uy u; —Vs 0 0
0 0 ka ko ks —p 0
00 01 0y 03 0 —(a+p))
where M, = —(Af + o), My = —(5E2)St, My, = —(52)S5, My = —(32)S;
My = —=(Aa + 1), My = =0 5%, M, = —o %, Ms = =05,
My = (B29)St + 052 My, = (52 St + 052, My = (259) 57 + 022
The corresponding characteristic equation is
My —A 0 M;, My, My 0 0
0 My-x Mg My, Mz 0 0
A% A3 My — Vi — A M3, M 0 0
0 0 0 —Va—2A 0 0 0 =0
0 0 Uy Us —V3—2A 0 0
0 0 k1 ko k3 —p— A 0
0 0 01 ) 03 0 —(a+p)—N)
My, — A 0 M M7, My
0 MSZ —A Mz*s M2*4 M2*5
= @+ + )+ A) ] A Ay My —(Vi+N) Mg Mg | =0
0 0 0 —Vy— A 0
0 0 Uy Ug —V3;—A
=>A=—(a+p)orA=—por
My — A 0 M M, M
0 M2*2 —A M§3 M2*4 M2*5
Al A3 Mgg— (Vi+A) Mg, Mz | =0
0 0 0 —Vy— A 0
0 0 (51 Us —V3—A
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Mgy — A My M3, M3
oy M MES(TieN MM
0 0 —Va—A 0
0 Uy U2 —V3 - A
0 My My, M
My, — XN M. M3 ME*
+Af 22 23 24 25 —0
0 0 —Vy—A\ 0
0 Uy U9 —V3 - A
My~ (Vi4X) My M
= (Mfy = A) (M3, — A) 0 —~Vy— A 0
(51 (%) —Vg - A
M3y Ms, M3 My My, M5
A (M =N 0 —Vy— A 0 [—N(MhL—-N| 6 —v,—2\ 0 =0
Uy (75) —Vg — A Uy (%) —Vg — A
. . . 0 —Vy—\ M, — (Vi+ ) M3,
= (M7, — A) (M3, — A) | M3y — (V3 +A)
Uy Ua 0 —Vay — A
o U A Mg Mg ]
—A; (M7, — \) | M3 —(Vz+ )
U1 U2 0 —VQ - A
0 —Vy—A M My
—AT (M3, = ) | M5 — (Vs + ) =0
Uy U 0 —Vy;— A
) ) RS
= (M7, — A) (M3, — \) M3
Ui U2

Mz — (Vi+ A M;
(M N (M5~ ) (Ta oy [ TN M

0 ~Vy—A
* % * 0 —Va—2A " " M;, M,
_A2 (Mll - )‘) M25 + A2 (Mll - )‘) (V3 + )‘)
Uy U2 0 _VQ —A
NP L0 V2= A P My M,
—A7 (M3, — A) M5 + AT (M, — N) (Vs + A) —0
U1 Uz 0 —Vay—2A

= [(M]y = A) (M35 = A) [M5 (Buz + w1 (Vo + X)) + (Mgz — (Vi +A) (Vo + A) +0M3,) (Vs + A)]
—AS (My1 — N) [Mas (OQug + uy (Vo + A)) 4+ (Mag (Vo + ) + 0May) (Vs + N
—AT (M3, = A) [M{5 (Quz + ur (Vo + X)) + (M5 (Vo + A) + M) (Vs + 3] = 0

= (M7 — A) (M3, — N) [M350us + M3sui Vo + Mizuq |
+ (M7, — X)) (Mgy — \) (M3,V9 + M\ — V1 Vo — (Vi + Vo) A= A2+ 0M;,) (Vi + )
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—A5 (M, — N) [M350us + Mysuy Vo + Mysug A + (M3 Vo + Mo A+ 0M3,) (Vs + A)]
=N\ (M3, — N) [M{,0us + Msui Vo + Misui A + (M5Va + MisA+ 0M,) (Vs + A)] =0
= (Mj M3y — (M7 + M) A+ N?) [M3s (Qug 4+ u1 Va) + Misui A + M35VaVis + M3 Vi)
+ (M M3y — (M7, + M) X+ M) [-V1VaV3 — Vo V3 — V1V — V32 + M3, Vs
+ (M7 M3y — (M7 + M) A+ N2) [M3 Vol + MA? — Vi Vo — Vad2 — V2]
+ (M7 My — (M7 + M) A+ N2) [= A3 + M5\
—AS (M, — N) [Mss (OQug + u1 Vo) + M33VoVs + Mogui A + Moz Vs h + M3 Vo + 0N, V)
—A5 (M) — N) [MgzX? + OM3 A — AT (Mg, — A) [M5 (Qug +ui Vo) + M5V, V3]
— N5 (M3, — N) [Msui A + M3V + Mo\ + OM;, V3 + M\ + M N] =0
= (M M3y — (M, + M) A+ X)) [N+ (M3 — Vi — Vo — V3) N2+ (Muy + M3, V3
+M3NVo +0M3, — VoV — ViV — ViV A+ M3 (Qug +uy V) + Mi5Va Vs
—V1 VoV + OM;, V3| —A5 (M — X) [MasA? + (Mosuy + MozVz + M3Va + OM3,) A
— A5 (M7, — N) [M3s (Oug + w1 Vo) + M3, VoVs + OM5, V3] — At (M3, — N) [MjsA? + (Misuy
—A] (M3 — N) [M5V 3+ MEVa+ OMP )N+ M5 (Qug + u1 Vo) + M5V Vs + 0M[, V3] =0
= —\3 (M My — (M7 + M) N+ M) + (M7, M3y — (M7 + M) N+ 22) (M3, — Vi — Vs
—V3)AN2 + (M M3y — (M7 + M3y) A+ N2) (Miuy + M3,V + M3 Vo + 0M,
—VoV3 — V1 V3 — ViV + (M7 My — (M7 + M3y) A+ A2) (M3 (Qug + ui Vs)
+M3VoVs — ViVoVi + OM;,Vs) — Ab (M, — X) MiA2 — A5 (M7, — \) (Msuy
+M3 V5 + MyyNo + OMs )N — A5 (M, — N) Mis (Qug +ui Vo) — A (M7, — A) (M35 VoV
—A5 (M7 — X) OM3, V5 — AT (M3y — X) M3\ — A (Mg, — A) (Misuy + MV
— A7 (M3, — N\) (M3V + OM )N — N (M3, — X) M5 (Qug + uy Vy)
—A7 (M3, — A) (M{5V2 V3 4+ 0M[, Vs) = 0
= —N3M} M3y + (M7 + M) X — X5+ M M3y (Mg — Vi — Vay — V3) A2
— (M7, + M3y) (M3 — V1 — Vo —V3) A3 + (M3 — Vi — Vy — V3) M
M My (Misuy + Mgy Vs + M3 Vy + 0MZ, — VoV — V1 V3 — V1 Vi)
— (M7 + M3y) (Mgsuy + M3V3 + MVa + O0M3, — VoVy — Vi V3 — V Vi) A2
+ (Miuy + M5 Vs + M Vo 4+ OMz, — VaVs — ViVs — V1 Vo) A3
+ M M3y (M (Quy + uy V) + M3V Vs — Vi Vo Vs 4 OMZ, V)
— (M7, + M3,) (Mg (Qug + uyVa) + M Vo Vs — Vi Va Vs + OM;, V) A
+ (M3 (Bug 4+ uyVa) + M3VaVs — ViV Vs + OM5, Vi) A2 — A5 M7 M2
+ASME N — NG MT (Misuy + M3, NVs + M3V + OM3,) N+ A5 (M3suy + M3,V
+M3N o + OM5 )N — N3 M M (Qug + uy Vo) + A3 My (Qug + ui Vo) A
—ASM7 (M3Vo V5 + OM3,V3) + A5 (M3 VoVs + OM3,V3) X — N5 M, M \?
+ATMEN? — Af M, (Misuy + MisVs + MV + OM7,) N+ Af(Misug + M5V
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+ M5V 4+ OME)N2 — N Mgy My (Qug 4+ ui V) + N Mis (Qug + 11 Vo) A
—Ni M3y (Mo V3 + OM;,V3) + A (M5Va Vs + 0M;7,V3) A =0

= N0+ (M, 4+ M3y + My — Vi — Vo — V) M+ [ M}, M,
— (Mfy + M3y) (M35 — Vi = Vo = V) + AS M3 + ATM{s + (Mgzur + M35V
+MEVo + OMz, — VaoVs — V1 V3 — V1 Va) N4 My, My (M3 — V1 — Vo — V3)
— (M3, 4+ M3y) (Misuy + M3Vs + Mo + OMi, — VoVs — V Vs — V1 Vy)
+ M (Qug 4+ uy Vo) + MizVaVs — ViV Vs 4+ OM;, Vs — N5 M My + Ns(Misuy
+M3 Vi + My Vo + 0Msy) — AT Mgy Miy + AT (Misuy + M{3Vs + M3V
+OM;,) N2+ My My (Misuy + M3V + M3Va + 0M;, — VoV — V1V
—V1Vy) — (M} + M3,) (M (Qug + uy Va) + M VaVs — V1V Vs + OM5, V)
— N5 My (Mg + M3V s+ M3sVa + OMs,) + A5 My (Qug + uy V)
+ A5 (M3,Vo Vs 4+ M3, V3) — NiMS, (Misuy + M5Vs + M,V + 0M7)
+AT My (Qug + ui Vo) + A (M73Va Vs + 0M;,V3)| A
+[= My My (M (Qus + w1 Vo) + M33VaVs — ViV Vi + 0M3,V3)
+ A5 M M (Qug + uiVa) + MM (M3,Vo Vs + M3, Vs)
FAN MM (Bus + ui V) + ATMS, (MY Vs + 0M:,V3)] = 0

= A+ (Vy + Vo + Vs — My, — M3, — M) A\ + [ My, M3,
+ (M) + M3y) (M35 — Vi — Vo = Vs) = AjM3s — AfM{s — (M35uy + M35V
+M§EVo + OM, — VoVs — Vi Vs — Vi Vo) [N+ — My, M3, (M — Vi — Vi — V3)
+ (M3 4+ M3y) (Misuy + M3Vs + MYy + 0ME, — VoVs — Vi Vs — V1 V3)
— M (Qug 4 u, Vo) — M Vo Vs + Vi Vo Vs — OM;, Vs + NS My My — Aj(Misu,
+M3Vs + M Vo + OMZ,) + N M, My — A (Misuy + MVs + MiyVy + OM7)| N2
+ [~ My My (Misuy 4+ MEVs + MV + 0Mi, — VoV — Vi V3 — V1 V3)
+ (M, + M) (M (Qug +u Vo) + M3 VoVs — ViV Vs + 0MZE,V3) + A My (Msuy
+M§Vs + MYy + OM3,) — NsM (Bug + w1 Vo) — A (M33Vo Vs + 0M;, V)
FANEME, (Misuy + MiVs 4+ M5No + OME) — N M (Qug + u1 Vo) — A5 (MY, Vs
FOM;, N 3) |\ — M, My (M (Qug + i Vo) + M VoVs — Vi Vo Vs + M2, Vs)
+ A5 M M (Qug + uy Vo) + MMy (M3Vo Vs + M3, Vs)
+ A MG, M (Qug + uy Va) + ATMS, (MY Vs 4 M7, V3)] = 0

Then the above characteristic equation is given by
P()\) = )\5 + CLl/\4 + ag)\3 + a3>\2 + CL4)\ + a5 = 0

Where
ar = (Vi + Vo + Vg — My, — M3, — M)
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ay = [Mfy M3, + (Mjy + M3y) (M35 — Vi =V = V) — AjM3s — AfMjy —  (Mg5uy + M33Vs
+M35Vy + 0M3, — VoV3 — V Vs — V1 V)]
az = [=M{\M3p(Mis — Vi — Vo = Vi) + (M) + M3)(Misur + M3V + M3Vs + 6M3,
—VoV3 — V1V — V1 Vy) — M (Qus +u1 Vo) — M33VaVs + ViVoVy — 0M3,Vs+
NS MY M3y — A5 (M3gur + M35V + M3sVa + 0M3y) + AT M3, Miy — A (Misun + M3V
+ M5V + 0M)]
ay = [— M May(Mizuy + M33Vs 4+ M3;NVo + 0M5, — nablasVs — V1V — V1 Vo) + (M, + M)
(M5 (Qua + u1 Vo) + M3VoVs — Vi VoV + 0M3,Vs) + A M (Misuy + My Vis+
M35V + 0M3,) — A3 M35 (Ous 4+ ur V) — A5 (M35Vo Vs + 0M3,Vs) + AT M3, (Misui+
MV s+ Mo+ 0Mfy) — A M5 (Qug + ui Vo) — AT (M{5VaVs + 0M;,Vs)]
as = [— My Moy (M35 (Oug +ui Vo) + M35VoVs — ViVa Vs + 0M35,V3) + ASM Moy (Qus + ui Vo)
+AS M (M55V 2V + OM5,V3) + AT M3, M5 (Ouz + uiVa) + ATM5, (M{5Va Vs 4 0 M7, Vs)]
Thus we can observe that
a; > 0 for Vy + Vo + V3 — My, — M3, > M3,
as > 0 for
M M3y — (M, + M3,) (Vi 4+ Va4 Vs3) + VoV + Vi Vs + Vi Vo — ASMsy — AT My > (Mizu,+
MsVs + MgV + 0M3,) — (Miy + M3,) M
az > 0 for
M\ M3, (V1 + Vo4 Vs) — (M), 4+ M3,)(VaVs + ViVs + V1 V) + Vi VoV — AT (M5u+
M}y Vs + MigVs + 0M3y) — Ay(Mssur + Mgy Vs + MV + 0M3,) + AsMyy My, + A M3, My
> My My My — (M7, + M3y) (Misun + M3V + M5 Vo +0 M3y ) + M3 (Qus +ui Vo) + M35 Vo Vs +
OM;, Vs
ay > 0 for
M M3, (VaV3+V1V3+V 1 V) — (M +M3,) ViV Vs +AS M (Masuy + M3,V s+ M3 Vo +0 M)
— A M35 (Ouy + ui Vo) — A5 (M33Vo Vs + M3, V) + ATM5, (Mi5uy + M5V + M5V + 0M7,)
— AT M5 (Ouy + w1 Va) — Af(M5V2o Vs + OM7 V) > My M3y (Mgsuy + M35V + M3V + 0M;,)
— (M) + M3,) (M35(0uz + u1Va) + M35VaVs + 0 M3, Vs)
as > 0 for
M M3 N1V oV s + ASM M (Ous + w1 Vo) + ASM (M33Va Vs + OM5, NV 3) + AN M, M5 (Ous
+ui V) + Ay My (M{5Vo Vs + OM;,V3) > My My (M3 (Oug + u1Va) + M3,V Vs + M5, Vs3)
according to the above cases we can observe that all coefficients of the characteristic polynomial
are positive.
To see the sign of eigenvalues we use Routh — Hurwitz criteria.

Consider the following Routh — Hurwitz array
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N1l ay ay

4
A a; ag as

A by by
Nl o
AL dy
A0 | e

where by = 4142243 > (), by = “U= > ()
1= 71’1“3;1“11’2 >0,co=ua5>0

dy = 717201;117162 > O, e1=cy >0
Since all elements of the first column of the array have the same sign then by Routh — Hur-
witz criteria all roots of the characteristic equation have negative real part, thus the endemic

equilibrium point is locally asymptotically stable. O]

Global stability of endemic equilibrium point

Theorem 5.6. The endemic equilibrium point E* is globally asymptotically stable if Z <Y,

where
Z = (005 + VaoI3) + ya(urly + ugly + V3 P*) + (ki dy + ko ly + k3P + pS;) + (51]\7; J)I;Sl
+(/32Nt”)1;51 4 (63]\7;0)P*Sl 4 (51;”)115; 4 (52; AV (53; T)PS; + - IiSi+
%I;Sl n %P*Sz + %1155 v %1255 + %PS;‘
and
Y= -luSi2 - g - g+ uSi2 - g - )+ 2 - G- TS+
2 g - EHEEDLS + @2 - g - AT s
e-2-Drnsi+e-2-Drnsie-2 - DErsy
+[(51;Vr INIES) + (52; ")ﬁfzs1 n (63; J)Ekpsl + %1{52 + ;2}252 + ;£PSQ YVt
71((9—2]1 + Vaoly) + 72(u1];*11 + u21:12 + V3P) + 73(k1gill + ngiIQ + kggip + 15,)]

Proof. Consider the following Lyapunov function

V = (51—S{lnSl)—i-(Sg—SglnSz)—i—(Il—I{‘ln[l)—i—vl(]2—I;lnlg)—l—vz(P—S;lnP)—1-73(51,—5;17151,)
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+74(A — A*InA)
where 7;s for ¢ = 1,2, 3,4 are non-negative quantities.
And thus we get V is continuous function and has first order partial derivatives and V' has
minimum at E*.
W =(1-F) B+ (1-F) B+ (1 - D+ (1 - F) D+ 9l — 59 451 — )52
+y(l - 5%

Substituting the expressions for the derivatives in it follows that

@,
2 = (1= QB4 b+ (B0 Lt (2542) PIS — i+ (1= 2) Qo § [+ b+ PlSa—pSal +
(1= [( B2 [+ (2552) L+ (B52) S + £ [T+ o+ P Sa — Vi I+ (1— 1) 011 = Va Io] +72(1—
s Ty +uz Ty =V Pl4s(1— ) [ L+ ko Lo+ ks P— 05, +3a (1= 40) 61 11 + 02T+ 05 P— (0 1) A]
Using the relation Q = [(2552) 17 + (252) 15 + (252) P*]S; + pS;, and
Q2= ST+ 15+ P*]S* + 1S5 from the first and second equations of the system — at
the steady state then can be written as
m-—O—gﬁ[K&“)F (%) 5+ (%) ] S+ usi] = [(%57) Lo+ (%57 &) $1
- S) [(22) PSy — S + (1 - 52 [ (15 + I3 + P S5 + S5 — G [L+ Lo + P) So]

—(1-2) guSe+ (1= ) [[(2F2) L+ (282) L+ (252) P S1+ & [ + L+ P Sy

—(1=38) Vil 49 (1= ) 00 = Vol + 7 (1= 55) iy + ua T — VP

+ys (1 - —) eIy + kLo + ks P — uSy] + 74 (1= 40) (011 + 6205 + 03P — (a + ) A]
This can then be simplified to

=05 (e aisi (1 50) () st e (1§
) (

o) prsph

N
o +o

p(1-35 o) - (1= ( h&f( s) (55) Psi
+(1-2) =S+ (1-2) LS5+ (1-2) &P S5 +u(1-2) (S5 - So)

(1= 8) §hs - (1 §) §hs% - (1-§) 775,

+(1=3) [[(BF) L+ (Z2) L+ (53”) P]Si+ & [L+ I+ P]S; — Vi1

+n (1= 2) 06 = Vol + 72 (1= %) [u ]y + ua T — VP

+ys (1 — 2 &) hy + koly + ksP = Sy + 74 (1= A7) (0111 + 0T + 83P — (a + pu) A]
Using the relation at the steady state
Vilp = [(852) It + (552) I3+ (%52) P St + & (I + 15 + PS5, Vol = 013
V3 P* = w I +uply, pSy = ki Iy + kol + ks P*, (o + p) A* = 610 + 0p15 + 03P*

We again simplify

(1) () s 1 3) () 51 -
nSi (2% —3) = (252) LS+ (2%2) LSy — (%%
() Psy+(1-2) &S5+ (1- &
— 51152 + 1S5 — {1250 + 1255

& ) (BB-HT) P*S*
?) LS+ (252) 1S — (2¢2) PSi+
(1= 5) P50 (- § - )

) ¥
— 2PS, + ZPS; + (1 £) (2%2) LS+

93



=Sy (2- % —3) +nS; ( —%—%) (2- 5 -

) (B LS+ (1= ) (85 PS + (1= ) §LSe + (1 - 1) $hSy+
(1= 7)) gPS— (1= F) Vili+n (1= £) 04 — Valo+v2 (1= %) [w ]y + ualy — V5P
+73 (1 il) [1{31]1 + ]{?2[2 + k‘gP ,uS ] + Y4 (1 — 7) [51]1 + 5212 + 53 (Oé + M) A]

pSi (2= & = 5) +uss (2- & - 5) + (- 5) () st + (1= §) (%) Bsit

S0) (Bt2) Prsy — (232) LSy + (25%2) 1Sy — (282) LSy + (227) LSy — (&¢2) PS,
+H(BE)PSi+ (1-2) &S5+ (1-2) LS5+ (1- 2) ZPS;

— %NS+ $0S; — £ 1S + §1S; — §PS + §PSs + (832) 1S — (852) I 51+
(Z52) LS — (552) £+ (B52) PS = (852) PSS + £ 118 — 11 S+ $ 1Sy — G 1S
+4PSy — $APSy — (1= 1) Vily + 7 (1= ) [01 — Va1

+92 (1= &) i Iy + ualy = VPl + 795 (1= 2) ki [y + kalo + ks P — 1S,
+ya (1 - %) 010y + 0als + G3P — (a4 pu) Al
St (2§ =)+ (2% =5+ (1-5) (2) s+ (1= 5) () Losie
(1-5) (& )PS +(B¥2) 1Sy + (&52) LSy + (&52) PSy + (1 - 2) IS5+
(1-%)&ns+(1-3 NLPS + £0Ss+ $ 0S5+ £ PS; — (252) IS+
—(852) L0 — (B52) LPS) — §118 — $1 1Sy — $ 3PS, — (1- £) Vily
+n (1- £ [911 Volo] + ( 7) [ur Iy + uplo — V5P
+7 (1 i—z [Ty + kolz + ksP = pSy) + 94 (1= 40) [01]1 + 0215 + 03P — (o + pr) A]
S (2= 5 = 5) i (2 8 ) + (1-5) () 1isi + (1) (52) fisie

) () Pt () 15+ () 13+ (55) i+ (1- ) g1

+(1-2) 2585+ (1- 2) ZP*S5 + £LS; + S1S; + $PS; — (252) 1S,

- (52;0) ThS — (B52) LPS) = G118 — 1 1Sy — §1EPSy — Vil + Vil}

+m (1- T) 01, = Valo] + 72 (1= &) [un [y + u212 V5P

95 (1= ) [l + halo + kP — 8] + 74 (1= 40) (0111 + 0215 + 6P — (o + ) A]

st (25 8) s o= - )+ (- 3) (59 5+ (- 3) (39 5

+(1- ) (&) Ps; + (Bw) 87+ (2552) LSt + (8¢2) PSy+ (1 - 2) 213
+(1-2) 255+ (1 i) PS5+ 1Sy + $hSs + §PS; — (250) IS,

— (B282) RS — (852) L PS - £1;S— £ E 1S, — £ 1 PSy+ (B57) ISy + (%252) 13S;
(B )PS + E ISy SIS+ = PrSs = Vil + (1= ) [0 — V2

+y2 (1- )[u111+u212 V3P] + 73 (1_7) (k1L + ko Iy + ks P — S,

(1= 4) (011 + G2 Lo + 05P — (a+ ) A]

(2-3 §) () s+ (%) 1isa
(-5 - 8) (B2) S+ (BF) S+ (2-F - &) (B) Prsi+ (B2) Py
+(25)
+(

LS+ (355) LSt + (3552) PS; + (2— & — 8) % 1S5 + %115
2— 2 — ) ELSs + F LS+ (2- F - 8) PS5+ EP S+ $10S; + £ LS



+ 4 PSy— (B2) 1Sy — (252) F 1,81 — (252) L PS = G118 — $ E 1Sy — £ PS>~ Vi,
+y1 [0 + VoI — 0F T, — v212] + 7 [ur]y + uply + Vs P — UI?A — w2, — V5P
s [kiLy + koo + ks P+ S — lﬁ%h - /@%12 kb P ,,LS )]
74 [6111 + 0oTy 4 03P 4 (o + p) A* — 64T 4 8,471, +63 P = (a+p) A
S % - ) eusi (2% - )+ (25 - 2) (%) s
(25 - 8) (5) i+ (- 5 ) (4 i+ (2 5 - §) s
(2_%_7> 1555+ (2 _%_7) 2P S+ (5) ISy + (%) 138y
<B3+a> P*S, + (%j) LS: + (,82+a) LSt + (B3+a) PSt + 2115, + 2135, + 2 P*5,
TINS5+ $LSs+ $PS; — (B3) I1S) — (22) § 1S, — (M) LPS — 2ItS,
— A8~ Z P, = Vil 41 (06 + Valy) =y (0211 + Valo)+7 (unly + ualy + V5 P¥)
—v2 (n I+ w5 Iy + Vs P) + 33 (kuLy + kaly + ks P + S}y )
—ys (k2 i+ ka2 I+ ks P+ 1Sy) + 794 (0111 + 021> + 03P + (a + pr) A”)
—a (B AT+ 64 L+ 54 P+ (o + ) A)

The coefficients 74, 72, v3,and 4 are obtained from the following system derived from the above

expression

10l — Vil + yourly + 3k ly + 74011 = 0
11 Valy + yougly + v3koly + 740215 = 0

—Y% V3P + y3k3 P + 7403 P =

Let 74 = 0, then the above equation reduced to

’)/19]1 — V1]1 -+ ’72U1]1 + ’73]{31]1 =0 (520)
—nValy + Yousls + y3kalo =0 (5.21)

From (| . we have v3 = ”V?’P = ”V3 substituting this in to and 1) we get

N0 = Vi + s + 2k = 0
—1Va + yaus + M/@ =0
70 + 72 (Ul + k1v3) =V
—7Va + 72 (UQ + k2v3> =0
From —y Vs + v (Uz + k2V3) = 0 we have 73 = (ug + k2v3> v% again putting this in to
Y10 + o (ul + 1167:3) = V1 we get 7, (U/Q + kaZS) V%G + 7o (ul + %) = V; implies

A4

Yo = and hence
(u2+ kaZg ) =0+ (u1+ MY3 )
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V1 (ug+k2kzd)% Vi (u +k2V3>

’yl = =
(u +k2V3) V12 9+( 1 k1}§3) (u2+ )9+V2 (u1+k
ViV

73: koV =
1 k1V
R (CEDRECE)

=i (- % - 5) +usi (- 5 - )+ (- 5 - 3) (%) 1
(2= 3-8 () st (2= - ) () Pt (2- $- ) s
+(2-F - 8) FLS5+(2- F - %) FPS5+(552) [1Si+(%52) LS+ (%52) Prsy
+(BF2) LSy + (B57) LSt + (252) PS; + 11810 + = 1351 + 5 P*S;
+E0S; + G185+ £ PS; — (852) 118y — (8¢2) L LS — (552) LPS, — §I;S,

— 280y — £ PSy — Vily + 7 (01 + VaIj) — 1 (0211 + Valo)
+792 (urly + ugls + V3 P*) — 79 (ul%h +u il + V3P>
+3s (kuly + kala + kP + pS;) — yﬂmsh+bsb+% P+uS)

Note that (2 — 5& — ”;—1) and (2 — % - %) are less than or equal to zero by arithmetic mean

1V3
k3

-geometric mean inequality.

This gives

Where

* * * + 0 *
7 = 71(911 + VQIQ) + ’}/Q(Ul]l + UQIQ + V3P ) + ’}/3(k'1]1 + kg[g + kgP + ,LLSp) + <61N* )[1 Sl

Pato, . B+ 0. bito . Pato . (Psto s T o
B8+ (S )P S1+ (S DS+ (P )hST + (55 )PST + 1 [iSi+
g * g * g * g * g *
ﬁ[QSl + ﬁp SQ + NIlSz + NIQSz + NPS2

and

~[uS72 - 8~ ) +us32 - &~ )+ 2§ - HEELS;
(2- g = DBELST+ (2 - & - () Pst

2 E - RS+ 2§ - FlSs+ (—%—%
H(BED) 1Sy + (BE2) 1Sy + (B50) L PS1 + S11 S + £ 115,

PS5

+% Il LPSy + Vil + 71(9 —71 + Volo) + yo(w It + wotr I + V3 P)
+73(k1?[1 + kQ?[Q + kg?pp + HS )]
Hence, if Z < Y then, & E will be negative definite, implying that V. < 0. Also = 0 if and

only if Sy = 57,8, =85, = I{,I,=1;,P = P*,5, =5, and A= A".
Therefore, the largest compact invariant set in {(S7, S5, I7, I3, P*, S5, A*) € Q : & =0} is
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the singleton {E*}, where E* is endemic equilibrium of the system (5.1)-(5.7). By LaSalle’s
invariant principle, it then implies that E* is globally asymptotically stable in Q if Z <Y. @O
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Chapter 6

Sensitivity analysis and Numerical
simulation of Treatment and Inflow

Infective Immigrants on the Dynamics

of HIV /AIDS

This chapter will discuss about Sensitivity analysis and Numerical simulation of the model

stated under chapter four.

The parameter values and assumptions of any model are subject to change and error. Sen-
sitivity analysis is the investigation of these potential changes & errors and their impacts on
conclusions to be drawn from the model. Here we use it to discover parameters that have a high
impact on reproduction number Ry. We calculate the sensitivity indices of the reproductive
number Ry, to the parameters in the model. These indices tell us how crucial each parameter is
to disease transmission and prevalence. The normalized forward sensitivity index of a variable
to a parameter is the ratio of the relative change in the variable to the relative change in the
parameter. When the variable is a differentiable function of the parameter, the sensitivity index
may be alternatively defined using partial derivatives [78].

Definition: The normalized forward sensitivity index of a variable, u that depends differen-

tiable on a parameter p, is defined as:



If the magnitude of sensitivity index is high for the parameter p out of other parameters then
we say that p is more sensitive parameter.
Here we consider parameters (31, B2, 0,01, 09,0, k1, ko, i1, p1,p2 and ¢ to see the sensitivity pa-

rameter with regard to basic reproduction number Ry as follows:

3R0 51 o B (kg + 0y + p — p2)
98 "Roe (i +0+01+pn—pi— (1—) ) (ka+ 05+ p1—pa) Ro

B1 (ko + 62 + 1 — pa)

- Ao (B1+0)+6(Ba+0)
A A ( 2 1A1A2 2 )

SI(B) =

_ B1 (ko + 62 + pt — po)
(ka4 0y +p—p2) (Br+0)+0 (824 0)
_8R0 52_ 052
Sl%)_aﬁ Ry (ki+0+0+p—p— (1—€¢)(ka+0d+p—p2) Ry

052

Az (f1+0)+0(B2+0)
A1A2( 2 1AlAZ 2 )

B 03,
(ke t Gt p—p2) (Bt o)+0(B+0)
Ry o _ o (ks + 0+ i+ 60— po)
do "Ry (ki+0+0+p—p1— (1—€) @) (k2 + s+ pu—p2) Ro

o (kg + 0y +p+0—ps)
A A, (Az /31+0)+9(52+U))

A1Ag

SI (o) =

B o (ke + 0+ p+6—ps)
(ka4 S+ p—p2) (B +0)+0(Ba+0)

sr(gy <20 0 Ollet bt p—po) (Bt o) +0(5 +0)
001" Ry (k1 +0+01+p—p1— (L—€) @) (ka+ 82 + 1 — p2) Ro

_ —01 [(kg + 62 + 1 — p2) (Br +0) + 0 (B2 + 0)]

2 Az (f1+0)+0(B2+0)
Al A ( 2 1A1A2 2 )

_ —01 [(ks + 02+ 1 — p2) (Br +0) + 0 (B2 + 0)]
(ki +0+0+p—pi— (L—€) ) [(ka+ o+ p—p2) (b1 +0)+0(B2+0)]
6
A0t otu—p— (1—¢€)0)
ORo 52 _52[(51+0)(k’2+52+ﬂ—p2)—((k‘2+52+M—Pz)(51+0’)+9(ﬁ2+0))]

S1{8:) = a5, (ki +0+01+pu—p1— (1—€) @) (ka+ 02+ 11— p2)*Ro
_ 2[(51+U)(k52+52+ﬂ p2) — (k2 + 0o+ pp—p2) (B1 +0) + 0 (B2 + 0))]
- AN, (A2 51+AU)X9(,32+0))
_ —050 (B2 + 0)
(ke + 62+ p—p2) [(ka + 62+ —p2) (1 +0) +0 (B2 + 0)]
ST (k1) = %xﬁ— —ki [(k2 4+ 02 + 11— p2) (B1 +0) + 6 (B2 + 0)]

Ok, "Ry (ki +0 461+ p—p — (1—6)@2(/{2‘1‘52"‘#—192)}%0
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—ky [(ko + 02+ pp—p2) (B1 +0) + 0 (82 + 0)]

2 Az (B1+0)+0(B2+0)
ACA, ( 2 1A1A2 2 )

—ky [(ko+ 02+ —p2) (Br+0)+0 (B4 0)]

T4 0+ +p—pi— (1—€) ) [(ka+ 05+ p—pa) (Br+0)+0(Bs+0)]
(Ot tpu—p— (1—€)0)

SI (ky) = Gz

ko [(Br+0) (ke 4 02 + pt — p2) — ((ka + 02 + p — p2) (Br + 0) + 0 (B2 + 0))]
(ki +0+01+p—p1— (1—€) @) (ks + 0o+ 1t — p2)*Ro

ko [(Br+0) (k2 + 0o+ 1 — pa) — ((k2+52+u—p2) (Br+0)+0(B2+0))]
A A ( 1+U)+9(52+0)>

A1As
- ko) (B2 + 0)
(ko 402 + p — p2) [(k + 02 + 1 — p2) (B1 + ) + 0 (B2 + 0)]
OR, _ p1[(k2+02+p—p2)(B1+0)+60(B2+40)]
S1 (pl) o 5Pfx Ro = (k1+0+61+p—p1— (1—€)$)? (ka+82+pu—p2)Ro

p1[(ka + 0o+ p—p2) (B1+0) +0(Ba+ )]

Ag( o)+0(B2+0c
A2A ( 251+A1)X2( 2+))

p1[(ka + 0o+ p—p2) (B1+0) +0 (B2 +0)]

Tt 0+404p—pi— (1—€¢) (ko t 02+ p—ps) (Bi+0)+0(Pato)
o b1
(k040 +pu—p— (1—€)0)

S[( ) — ORg,p2 _ p2[—(B1+40) (ke +02+p—p2)—((ka+d2+p—p2) (B1+0)+0(B2+0))(—1)]
P2) = 5p, TRy (k14+0+01+p—p1— (1—€)¢)(ka+d2+u—p2)* Ro

p2 [0 (82 + o))
A A (Az 51+A0)29(f32+0))
p2[0 (B2 + 0)]

" (ko 02+ p—pa) [(ka+ 02+ 1 —po) (Bi + 0) + 0 (Bs + 0)]
SI(0)= 861201:—

_ 0[(B2+0) (k1 +0+01+p—p1— (1—€)¢)—((ka+d2+p—p2)(B1+0)+0(B2+0))]
o (k1+0+61+pu—p1— (1—€)$)* (k2 +02-+u—p2) Ro

O(ki+ 0+ p—p1— (1—€¢) = (ka4 0+ pu—p2) (b1 +0)]

- 2 Ao (B1+0)+0(B2+0)
Al A ( 2 IAIAQ 2 )

Ol(ki +01+p—pi— (=€) @) — (ko + o+ pp— p2) (B1 + 0)]

T (00t pu—pi— (1—€)0)[(ka+ 02+ 1 —p2) (B +0) +0(Bs+0)]
SI(¢) = ORo .. & p(1—€)[(ka+d2+pu—p2)(B1+0)+0(B2+0)]

96 “Ro (k140401 +p—p1— (1—€)$)2(ka+02+u—p2)Ro

O(L—€)[(ke+ 02+ p—p2) (B1+0)+ 0P+ 0)]

- 2 Az(B1+0)+0(B2+0)
A A ( 2 1A1A2 2 )

100



¢ (L —e) (ka4 0+ p—p2) (Br+0)+0 (824 0)]
(ki +04+0+p—p— (1—€) @) [(ke+ 02+ p—p2) (b1 +0)+0(B2+0)]
p(1—¢)
(ki +0+01+p—p— (1-¢€9)

SI(u) = Goatk;

— ul(B1+0) A1 Ay —(Ay(B1+0)+0(By+0)) (k1 +0+81 +u—p1— (1-)¢)+(ka+32+p—po)]
(k1+0-+01+1—p1— (1—€)9)” (ka+02-+u—p2)*Ro

C p[(BrH0) MDAy — (Ag (Br+0) + 0 (B2 + 0))[ A1 + Agl]

- 2 A 2 (As(B1t+0)+0(B2+0)
A1A2<21A1A22 )

—1 [A10 (B2 + 0) + A% (B1 + ) + Aof (B + 0)]

A1 A [Ay (P14 0)+ 0 (52 + o)
_ A0 (B + 0) Ay? (By +0) + Aob (By + o)
- lA1A2 (A2 (Bi+0)+0(Ba+0)]  AiAy[A(Bi+0)+0(5+ 0)]]

:_Ml 0 (B2 +0) ]
(ko + 62+ p—p2) (ke + 62+ —p2) (1 +0) +0 (B2 + 0)]

—Ml<k1+e+51+ul—p1_ (1—e)¢)]

6.1 Parameter Values for Numerical Simulation and Sen-
sitivity Analysis

To perform numerical simulation and sensitivity analysis we collected the following parameter

values from different data sources.

Table 6.1: Description of parameters and parameter val-

ues
Parameter| Parameter Description Value| Ref.
B Probability of transmission of the disease to susceptible | 0.9 [104]

individuals by unaware infective

Ba Probability of transmission of the disease to susceptible | 0.7 [104]

individuals by aware infective

0 Rate of development to AIDS from unaware infective | 0.3 [104]
9o Rate of development to AIDS from aware infective 0.02 | [104]
o Rate of transmission through blood borne 0.003 | [50]
o Natural mortality 0.02 | [60]

101



7 Rate of status awareness due to screening method 0.3 [104]

k1 Rate of treatment of unaware infective 0.1 Assumed
ko Rate of treatment of aware infective 0.4 [79]

2} Rate of unaware infective immigrants 0.1 [104]

P2 Rate of aware infective immigrants 0.2 [104]

o) Rate of vertical transmission 0.03 | [104]

€ Probability of death at birth 0.2 [104]

o AIDS induced death rate 0.9 [104]

We calculate the reproduction number Ry using values shown in table

(ko + 02+ p1 — p2)(B1+0) +0(B2 + 0)

R pr—
T kA0t pu—p— (1—€)d)(ky+ 0o+ 1 — po)

(0.440.02 + 0.02 — 0.2) (0.9 + 0.003) 4 0.3 (0.7 + 0.003)
(0.14+0.3+0.3+0.02—0.1— (1—0.2)0.03) (0.4+0.02+0.02 — 0.2)

(0.24) (0.903) + 0.3 (0.703) _ 0.21672 + 0.2109

(0.62 — 0.024)0.24 (0.596) 0.24
0.42762 0.42762
_ - = 2.9895
(0.596) (0.24)  0.14304
= Ry = 2.99

This tells us that the disease persists in the population.
We calculate the sensitivity indices of Ry using the derived formula above for each model

parameter using values shown in table[6.1] These are:

B (ko + 62 + o — po)

ST(B) = (ka4 02+ i —p2) (B +0) + 0 (B2 + 0) =041
S8 = s B T
SO = T h a0 o) Lo e =0
ST(0) = (k1 + 0+ 6, + ,u_ﬁlpl —1-0¢) —0:50
S0 = R T a I s b i) F0 G o = O™
ST = a1, ﬂilpl g - O
ST (ky) = ka0 (B> + o) — 0%

(ko + 62+ p—p2) (ke + 62+ 1 —p2) (b1 +0) +0 (B2 + 0)]
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b1

STe) = (ki +0+6+p—pi— (1—¢€)¢) -0
B p2 [0 (B2 + 0)] _
) = G s i) (et ot —po) B o) 4 0oy !
SI(9) = Olki+01+p—p— (1—-€¢) = (ka+ 0o+ p—pa) (b +0)]
B (ki +0+6+p—p1— (1=€) @) [(ka+d2+p—p2)(B1+0)+0(B2+0)]
—0.09
- ¢ (1 —¢) B
O = it n—n- 1-g9 "
_ 0 (B2 + o)
) = = 5 v i p) (U T 0 4 = p2) (B 0) 7 00+ o)
1
+(k1+9+5l+u—p1— (1—6)¢)]:_0'07

The results are displayed in Table |6.2

Table 6.2: Sensitivity indices of Ry

Parameter Sensitivity Index
B4 0.51
01 -0.50
B2 0.49
Do 0.41
ko -0.28
p1 0.17
kq -0.17
0 0.09
1 -0.07
P -0.04
0] 0.04
o 0.00

Table contains positive and negative sensitivity indices. The parameters are ordered from

most sensitive to least. The most sensitive parameter is the probability of the disease transmits

to susceptible people by unaware infective humans, 3; and the least sensitive parameter is the

rate of transmission through blood borne, ¢. The indices having positive signs increase the

value of Ry as one increase them and those having negative signs decrease the value of Ry,
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when they are increased.

One of the most sensitive parameter is ;. Increasing (or decreasing) ; by 10%, increases
(or decreases) Rg by 5.1%. Also, since the sensitivity index of 6; = —0.50 , increasing d; by
10%, decreases Ry by 5.0%. We can similarly interpret the remaining parameter values. The
effectiveness of varying each parameter can thus be determined. As regards HIV/AIDS control,
interventions must target the most sensitive parameters. For instance, interventions that target

person to person transmission of the disease are the most effective in controlling the disease.

6.2 Numerical Simulation

In this section we will discuss the relationship between basic reproduction number and a pa-

rameter using graphs as follows.
Rg

] R — 0.248,+0.21162
0~ 0.14304

H“=1

B

Figure 6.1: the relationship between the reproduction number and the rate of horizontal trans-

mission of the disease from unaware infective class.

From figure [6.1), we can observe that an increase in the rate of transmission, (3;, makes an
increase in the reproduction number, Ry. That is the disease always persists for any value of

parameter ;.

From figure [6.2] we can observe that an increase in the rate of transmission, 5, makes an
increase in the reproduction number, Ry . That is the disease always persists for any value of

parameter ;.
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_ 0.22572+0.38;
0.14304

Hn=1

B:

Figure 6.2: the relationship between the reproduction number and the rate of horizontal trans-

mission of the disease from aware infective class.

Rg

0426+0.54a
Hn =
ni14304

Rn=1

i)

Figure 6.3: the relationship between the reproduction number and the rate of blood borne

transmission of the disease.

From figure [6.3, we can observe that an increase in the rate of blood borne transmission, o,
makes an increase in the reproduction number, Ry. That is the disease always persists for any

value of parameter o.

From figure we can observe that an increase in the rate of progress of unaware infective

to AIDS, ¢;, between the parametric values 0 and 1.49 makes a decrease in the reproduction
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_ 0.42762
(0.07104+0.245,)

4 4RSS El

Figure 6.4: the relationship between the reproduction number and the rate of progress of

unaware infective to AIDS.

number, Ry, but the reproduction number is greater than one that indicates the disease per-
sists. If the parameter value of §; greater than 1.49, then the reproduction number decreases

and becomes less than one where the disease dies out.

Ro

_ 0.40956+0.9034,
T (0.13112+0.5965,)

Figure 6.5: the relationship between the reproduction number and the rate of progress of aware

infective to AIDS.

From figure [6.5, we can observe that an increase in the rate of progress of aware infective to
AIDS, 65, makes a decrease in the reproduction number, Ry, but the reproduction number is

greater than one that indicates the disease still persists.
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B 0.42762
(0.16704—0.24p,)

Hn=1'

P1

Figure 6.6: the relationship between the reproduction number and the rate of unaware infective

immigrants.

From figure we can observe that an increase in the rate of unaware infective immigrants,
p1, between 0 and 0.70, makes an increase in the reproduction number, Ry > 1 and tell us the

disease persists.

_ 0.60822-0.903p;
T (0.26224-0.596p3)

Rn=1

! e P

Figure 6.7: the relationship between the reproduction number and the rate of aware infective

immigrants.

From figure we can observe that an increase in the rate of aware infective immigrants,
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p2, between 0 and 0.44, makes an increase in the reproduction number, Ry > 1 and tell us
the disease persists. If the rate of aware infective immigrants between 0.44 and 1.13 makes an
increase in the reproduction number with, Ry < 1 and tell us the disease not persists. Whereas,
the rate of aware infective immigrants greater than 1.13, makes an increase in the reproduction

number, Ry > 1, and tell us the disease persists.
Ry

i 042762
Hn =
(024K it 0.11904)

1. 28575 k
1

Figure 6.8: the relationship between the reproduction number and the rate of transmission of

unaware infective to seropositive class.

From figure[6.8, we can observe that an increase in the rate of transmission of unaware infective
to seropositive class, ki, between 0 and 1.29, makes a decrease in the reproduction number,
with Ry > 1 and tell us the disease persists. If the rate of transmission of unaware infective to
seropositive class greater than 1.29 makes a decrease in the reproduction number with, Ry < 1

and tell us the disease dies out.

From figure we can observe that an increase in the rate of transmission of aware infective
to seropositive class, ko, makes a decrease in the reproduction number, with Ry > 1 and tell us

the disease still persists.
From figure [6.10] we can observe that an increase in the rate of transmission of unaware infec-

tive to aware infective, 6, then the reproduction number almost constant, with Ry > 1 and tell

us the disease still persists with constant reproduction number(i.e approximately 2.93 ).
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R — 0.903k; +0.06642
0 ™ (0.506k;—0.00536)

k2

Figure 6.9: the relationship between the reproduction number and the rate of transmission of

aware infective to seropositive class.

Ryg
: _ 0.21672+0.7038
u N

T (0.0710440.248)

Figure 6.10: the relationship between the reproduction number and the rate of transmission of

unaware infective to aware infective class.

From figure [6.11} we can observe that an increase in the rate of vertical transmission,¢, between
0 and 0.78 then the reproduction number also increases, with Ry > 1 and tell us the disease

persists.

From figure [6.12] we can observe that an increase in the natural death rate, y, between 0 and
0.59 then the reproduction number decreases, with Ry > 1 and tell us the disease still persists.
If the natural death rate is greater than 0.59, then the reproduction number is decreases, with

Ry < 1 and this tell us the disease dies out.
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_ 0.42762
(0.1488— 0.192¢)

Ry

Figure 6.11: the relationship between the reproduction number and the rate of vertical trans-

mission.

0409056 +0903u

(0.576+u)(0.224u)

Figure 6.12: the relationship between the reproduction number and the natural death rate.

6.3 Results and Discussion

In this section, we would like to present the results and findings obtained from the analysis of
the model.

From sensitive analysis we observed that the most sensitive parameter is the probability of the
disease transmits to susceptible people by unaware infective humans, £, and the least sensitive
parameter is the rate of transmission through blood borne,o. The indices having positive signs
increase the value of Ry as one increase them and those having negative signs decrease the value

of Ry, when they are increased.
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Results from Numerical simulation show that as the probability of transmission of the disease
from unaware infective and aware infective increases, the basic reproduction number increases.
This will result in increasing on the transmission of HIV/AIDS.

We can observe that an increase in the rate of blood borne transmission, o, makes an increase
in the reproduction number, Ry. That is the disease always persists for any value of parameter
.

An increase in the rate of progress of unaware infective to AIDS, d;, between the parametric
values 0 and 1.49 makes a decrease in the reproduction number, Ry, but the reproduction
number is greater than one that indicates the disease persists. If the parameter value of d;
greater than 1.49, then the reproduction number decreases and becomes less than one where
the disease dies out.

An increase in the rate of progress of aware infective to AIDS, d5, makes a decrease in the
reproduction number, Ry, but the reproduction number is greater than one that indicates the
disease still persists.

We also observed that an increase in the rate of unaware infective immigrants, p;, between 0
and 0.70, makes an increase in the reproduction number, Ry > 1 and tell us the disease persists.
An increase in the rate of aware infective immigrants, py, between 0 and 0.44, makes an increase
in the reproduction number, Ry > 1 and tell us the disease persists. If the rate of aware infective
immigrants between 0.44 and 1.13 makes an increase in the reproduction number with, Ry < 1
and tell us the disease dies out. Whereas, the rate of aware infective immigrants greater than
1.13, makes an increase in the reproduction number, Ry > 1, and tell us the disease persists.
We can also observed that an increase in the rate of transmission of unaware infective to
seropositive class, ki, between 0 and 1.29, makes a decrease in the reproduction number, with
Ry > 1 and tell us the disease persists. If the rate of transmission of unaware infective to
seropositive class greater than 1.29 makes a decrease in the reproduction number with, Ry < 1
and tell us the disease dies out.

An increase in the rate of transmission of aware infective to seropositive class, ks, makes a
decrease in the reproduction number, with Ry > 1 and tell us the disease still persists.

We also observed that an increase in the rate of transmission of unaware infective to aware
infective, 6, then the reproduction number almost constant, with Ry > 1 and tell us the disease
still persists with constant reproduction number(i.e approximately 2.93 ).

An increase in the rate of vertical transmission, ¢, between 0 and 0.78 then the reproduction
number also increases, with Ry > 1 and tell us the disease persists.

We can also observed that an increase in the natural death rate, u, between 0 and 0.59 then the
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reproduction number decreases, with Ry > 1 and tell us the disease still persists. If the natural
death rate is greater than 0.59, then the reproduction number is decreases, with Ry < 1 and

this tell us the disease dies out.

6.4 Conclusions

We proposed an improvement of the model [104] that is to show the effect of unaware infective
immigrants, aware infective immigrants, vertical and blood borne transmission and treatment
on the dynamics of HIV/AIDS. A non-linear differential equation was formulated to represent
the model. The stability analysis on the model shows that the disease free equilibrium point ( E)
is shown to be locally asymptotically stable and globally asymptotically stable when Ry < land
the positive endemic equilibrium point (E£*) is shown to be locally asymptotically stable and
globally asymptotically stable when Ry, > 1. A sensitivity analysis of the basic reproduction
number indicates that transmission probability, the rate of progress to AIDS and the rate
of aware infective immigrants are the most sensitive parameters that can be used to control
the spread of the disease. Results from Numerical simulation show that as the probability of
transmission of the disease to susceptible individuals by unaware and aware infective individuals

increases, the basic reproduction number also increases. This will result in increasing on the

transmission of HIV /AIDS.
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Chapter 7

Parameter estimation, Sensitivity
analysis and Numerical simulations on
the Dynamics of HIV/AIDS with Age
Structure and Inflow Immigrants in

Ethiopia

This chapter discussed about Parameter estimation, Sensitivity analysis and Numerical simu-

lations of the model developed and analyzed under chapter five.

7.1 Parameter estimation

Estimation theory is a branch of statistics that deals with estimating the values of parameters
based on measured empirical data that has a random component. The parameters describe
an underlying physical setting in such a way that their value affects the distribution of the
measured data. The term parameter estimation refers to the process of using sample data to
estimate the parameters of the selected distribution. In this paper, we analyzed a non-linear
mathematical 51511 I,PSpA model of HIV virus with horizontal, vertical, and blood born
transmissions using the secondary data obtained from Ministry of Health of Federal Republic

of Ethiopia, Central Statistical Agency (CSA) and related materials. To study the spread and
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control of HIV/AIDS in Ethiopia, we divide the total population in to seven compartments,
such as S;: sexually mature susceptible age greater than or equal to 15 years, Sy: sexually
immature susceptible age less than 15, I1: unaware infective, Is: aware infective, P: Pre-AIDS,
Sp: seropositive/treatment and A: AIDS classes. We obtained secondary data from the reports
of world Health Organization (WHO), Federal Democratic Republic of Ethiopia Ministry of

Health and related materials.

Table 7.1: Ethiopia Demographics Profile 2019 in

gender [47]
Description Notation | Values
Total number of Female in Ethiopia F 54,550,770
Total number of Male in Ethiopia M 53,835,621
Total number of population in Ethiopia T 108,386,391

Table 7.2: Ethiopia Demographics Profile 2019 in

ages[47]
Description Values
Total number of people under 15 years old 41,831,101

Total number of people 15 years old and above 61,555,290

Total number of population in Ethiopia 108,386,391

In this paper the total population is N = Sy + S+ I1 + I, + P+ S, + A. The parameter values
of the present model are obtained as:
()1 =average number of susceptible immigrants arriving to a country= 230, 000/year

()2 =birth ratex sexually immature population= % = 330465 /year

ﬁ __ Effective contact of unaware infective __ 0.83
1 Total contact of unaware infective .

5 __ Effective contact of aware infective __ 0.7
2 Total contact of aware infective :

B _ Effective contact of Pre-AIDS =0.9
3~ Total contact of Pre-AIDS individuals
o= Average number of infective by blood born transmission per year = 0.03

Total number of infective
i = Natural death rate = 0.0065

9 __ number of unaware infected who know their status per year __ 0.79
- total number of unaware infective o

(51 - ! - 006

Average life time of unaware infective individual progress to AIDS

0y = L = 0.06

Average life time of aware infective individual progress to AIDS
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b1
P2
Uy

Uz

¢

€

«

L = 0.4621

= Average life time of Pre-AIDS individual progress to AIDS
__ Average number of treated unaware HIV infected per year _ 0.02

Total number unaware HIV infected population

_ Average number of treated aware HIV infected per year __ 0.65

Total number of aware HIV infected population

— Average number of treated Pre-AIDS individuals per year — 0.65

Total number of Pre-AIDS population

__ Average number of unaware HIV infective immigrants per year __ 0.016

Tota number of infective

__ Average number of aware HIV infective immigrants per year __ 0.013

Tota number of infective

= L =0.36

Average life time of unaware infective individual progress to Pre-AIDS

Average life time of aware infective individual progress to Pre-AIDS

Average number of infected new born per year __ 0.45
Total number of new born o

Average number of new born death per year = 0.0281

Total number of birth

Average number of AIDS population died due to the disease per year _ 0.0159
Total number of infective -

Table 7.3: Summary of Parameter values

Parameter| Parameter Description Value| Data
Sourc

QO Recruitment in to sexual mature population 230000 [106]

Q- Recruitment in to sexual immature population 330465 [47]

b1 The horizontal transmission rate of unaware infec- | 0.83 | [29)]
tive to susceptible individuals

B The horizontal transmission rate of aware infective | 0.7 [29]
to susceptible individuals

B3 The horizontal transmission rate of Pre-AIDS to | 0.9 [29]
susceptible individuals

o Rate of transmission through blood borne 0.03 | [74]

01 Rate at which unaware infective develop full blown | 0.06 | [46]
AIDS

92 Rate at which aware infective develop full blown | 0.06 | [46]
AIDS

J3 Progression rate of Pre-AIDS individuals to full | 0.4621| [110]
blown AIDS

i Natural mortality 0.0065| [48]

0 Rate of status awareness due to screening method | 0.79 | [49]
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Ky Rate of treatment of unaware infective 0.02 | [49]
ko Rate of treatment of aware infective 0.65 | [49]
ks Rate of treatment of Pre-AIDS 0.65 | [49]
2} Rate of unaware infective immigrants 0.016 | [106]
D2 Rate of aware infective immigrants 0.013 | [106]
Uy Rate of progress to Pre-AIDS from unaware infec- | 0.36 | [110]
tive
Us Rate of progress to Pre-AIDS from aware infective | 0.57 | [110]
o) Rate of vertical transmission 0.45 | [30]
€ Probability of death at birth 0.0281] [45]
o} AIDS induced death rate 0.0159] [47]

7.1.1 Sensitivity analysis

The parameter values and assumptions of any model are subject to change and error. Sen-
sitivity analysis is the investigation of these potential changes & errors and their impacts on
conclusions to be drawn from the model. Here we use it to discover parameters that have a high
impact on reproduction number Ry. We calculate the sensitivity indices of the reproductive
number Ry, to the parameters in the model. These indices tell us how crucial each parameter is
to disease transmission and prevalence. The normalized forward sensitivity index of a variable
to a parameter is the ratio of the relative change in the variable to the relative change in the
parameter. When the variable is a differentiable function of the parameter, the sensitivity index
may be alternatively defined using partial derivatives [78].

Definition: The normalized forward sensitivity index of a variable, u that depends differen-

tiable on a parameter p, is defined as:

If the magnitude of sensitivity index is high for the parameter p out of other parameters then
we say that p is more sensitive parameter.

Here we consider parameters Qh QQ: 617 52a /83’ g, 517 52a 537 0’ kla k?a k?)’ ¢7plap27 Uy, Uz, € and 2 to
see the sensitivity parameter with regard to basic reproduction number Ry as follows:

QUQ + uq VQ

T2 TU1Ve _ 4 o5
+) AR

(1
Q1+Q2

Q1 4 Q1

BTN Q1+ Qo )V1V2 * (63621 + Q2

) + (B2
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o < (ﬂl inng +0)V2v3+(52 inle +”>9V3+(ﬁ3 QfFle +0)(6u2+“1v2)>

- Vivavs
(Ql) BQ? Ql - 0Q1 %(1)}
_ 1 0 Ouo+u1V Q1
o {BQI (61 Q1+Q2 +U> + 3Q1 (62Q1+Q2 +U) V1V2 (63Q1+Q2 + U) ( %21VH21V32)] [R(l)}
— [ B1Q2 + 52Q29 5+ B3Q2(buz+u1Va) } [Ql}
V1(Q14Q2)? V1V2(Q1+Q2)? V1VaV3(Q1+Q2)?
_ 1 1@ B2Q20 | B3Q2(0uz+u1Va)
T (Q1+Q2)? [ v, T V21V22 + V1V2aV3 ] [ } =0.00
8 < (41 iz o) Vava+ (42 Wgz:)vw?ﬁ(% ﬁbz”)“’“ﬁ“lv?))
1VaV3
OR Q _ Q
ST(Q2) = Gotagt = Flo [1:73]
_ OQus+u1 V Q2
- {3Q2 (Bl Q1+Q2 +U> + 3Q2 (ﬁzQH—Qz +U) V1V2 (53Q1+Q2 + U) ( %21V21V32)] [Rﬂ
_ [ —/Q *52Q19 + —ﬂ3Q1(9u2+U1V2)] [ }
V1(Q1+Q2)? V1V2(Q1+Q2)? V1V2aV3(Q1+Q2)% | L Ro
_ —1 £1@Q B2Q160 | B3Q1(Ouztu1Va)
T (Q1+Q2)? [ v, T V21Vl2 + V1V2aV3 } [ } = 0.00
6((51Ql+Q2+U)V2V3+(BQQH_?$U)V9V3+(,B3Ql(ile+0')(9u2+u1V2))
1V2V3
_ ORo .01 _ B
ST (1) = gataps = BER [?ﬂ
_ 0 Ous+u1V B1
- {5,31 (ﬁl Q1+Q2 + U) - 561 (BZQH—QQ +U) V1V2 (63Q1+Q2 + U) ( %iVZIV;)] {Rﬂ

= |w@tran] (7] = 041

241 _Q1 _Q91
9 (Bl Q1+Q2 +J>V2V3+(ﬁ2 Q1+Q2 +U)9v3+(53 Q1+Q2 +6>(9“2+u1v2)>

AR /3 T B
SI(Br) = 98 TRy = 92 R%]
_ ) 0 Quo+uy V B2
o {352 (61 Q1+Q2 + ) + 352 (62Q1+Q2 +U) V1V2 (63Q1+Q2 + 0) ( giVZIV;)] {Rf)]
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We summarized values of sensitivity index for the important parameters by the table below.

]
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Table 7.4: Sensitivity indices

Parameter Sensitivity Index
0 -0.62
¢ 0.56
A 0.41
Uy -0.30
O 0.29
Ba 0.22
ko -0.20
ks -0.18
03 -0.13
o 0.08
01 -0.08
Us 0.07
k1 -0.03
P1 0.02
0o -0.02
€ -0.02
W -0.01
D2 0.00
Q1 0.00
Q2 0.00

Table 7.4 contains positive and negative sensitivity indices. The parameters are ordered from
most sensitive to least. The most sensitive parameter is the transmission rate of unaware
infective humans to aware infective, 6 and the least sensitive parameter is the recruitment into
sexually immature class, )2. The indices having positive signs increase the value of Ry as

one increase them and those having negative signs decrease the value of Ry, when they are

increased.

One of the most sensitive parameter is 6. Increasing (or decreasing) € by 10%, decreases
(or increases) Ry by 6.16%. If the sensitivity index of #; = 0.414 | increasing (; by 10%,
increasing Ry by 4.14%. And also if we see the sensitivity index ofks = —0.201, increasing ko

by 10%, decreases Ry by 2.01%. We can similarly interpret the remaining parameter values.
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The effectiveness of varying each parameter can thus be determined. As regards HIV/AIDS
control, interventions must target the most sensitive parameters. For instance, interventions
that target HIV status awareness and person to person transmission of the disease are the most

effective in controlling the disease.

7.1.2 Numerical Simulations

The numerical analysis is obtained from the graphs of basic reproduction number with respect
to the parameters obtained and listed in table 7.4

Recruitment in to sexually mature and immature population.

Ry

Ro=1

R. = 24339380, +2858853
o= Q,+330465

Q,
Figure 7.1: Reproduction number versus recruitment in to sexually mature population.

From figure [7.1] we can observe that an increase in recruitment in to sexually mature popula-
tion, ()1, makes the reproduction number, Ry always below one. That is the disease not persists

for any value of parameter ;.

R,
2 - 559508.74 + 0.086510,
L 230000 + Q,

¥ + # ¥

Q:

Figure 7.2: Reproduction number versus Recruitment in to sexually immature population.

From figure we can observe that an increase in recruitment in to sexually immature pop-

ulation, ()2, makes the reproduction number, R, always above one. That is the disease always
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persists for any value of parameter ()5 at constant reproduction numberR,.
Rate of transmission of the disease from unaware and aware infective classes

Ry

Ry = 0.52401f, + 0.6149

0.7349096
Figure 7.3: Reproduction number versus the rate of horizontal transmission of unaware infective

Figure [7.3} it is graphical representation of the basic reproduction number R, versus rate of
horizontal transmission of the disease from unaware infective class 3; and keeping other pa-
rameters constant. This figure shows that an increase in the rate of horizontal transmission
of unaware infective, 3y, makes an increase in the reproduction number, Ry. If 1 > 0.73 the
reproduction number Ry > 1 that indicates the disease persists. When (; < 0.73 the reproduc-

tion number Ry < 1 this indicates that the disease not persists.

Ro
Ry = 0.3250618, + 0.822284
T Ro =1
! : - !
0.546716 [

Figure 7.4: Reproduction number versus the rate of horizontal transmission of aware infective

Figure it is graphical representation of the basic reproduction number Ry versus rate of
horizontal transmission of the disease from aware infective class 5, and keeping other parame-

ters constant. This figure shows that an increase in the rate of horizontal transmission of aware
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infective, 5, makes an increase in the reproduction number, Ry. If 85 > 0.55 the reproduction
number Ry > 1 that indicates the disease persists. When [y < 0.55 the reproduction number
Ry < 1 this indicates that the disease not persists.

Rate of transmission of the disease from Pre-AIDS class and blood born transmis-

sion
Ry
Ry = 0. 334282, + 0. T48969
L ﬂn = l
4""-..-..7
i } }
0. 750955 B

Figure 7.5: Reproduction number versus The horizontal transmission rate of Pre-AIDS.

Figure it is graphical representation of the basic reproduction number R, versus rate of
horizontal transmission of the disease from Pre-AIDS class 83 and keeping other parameters
constant. This figure shows that an increase in the rate of horizontal transmission of Pre-AIDS,
makes an increase in the reproduction number. For 3 > 0.75 we can see the reproduction num-
ber Ry > 1 that indicates the disease persists. When (3 < 0.75 the reproduction number Ry < 1

and this indicates that the disease not persists.

Ry = 2.8835%0 + 0.96332

0.01272 o
Figure 7.6: Reproduction number versus Blood born transmission.

Figure it is graphical representation of the basic reproduction number Ry versus rate of
blood born transmission ¢ and keeping other parameters constant. This figure shows that an

increase in the rate of blood born transmission between the parametric values 0 and 0.01 makes
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an increase in the reproduction number with Ry < 1 and this indicates that the disease not
persists. For ¢ > 0.01 we can see the reproduction number Ry > 1 that indicates the disease
persists.

Rate of progress of unaware infective to AIDS class and rate of progress of aware

infective to AIDS class

e Ry =1
| DEZ2169
‘M‘ = B, t0723145

0.099024 8,

Figure 7.7: Reproduction number versus the rate of progress of unaware infective to AIDS.

Figure it is graphical representation of the basic reproduction number R, versus rate of
progress of unaware infective to AIDS, d; and keeping other parameters constant. This figure
shows that an increase in the rate of progress of unaware infective to AIDS, between the para-
metric values 0 and 0.10 makes a decrease in the reproduction number but the reproduction
number is greater than one that indicates the disease persists. If the parameter value of d;
greater than 0.10, then the reproduction number decreases and becomes less than one where

the disease not persists.

L

Ry=1

R _0.03?33‘;&;*0.00122]
o= 5;+1.2135

82

Figure 7.8: Reproduction number versus the rate of progress of aware infective to AIDS.

Figure [7.8; shows that an increase in the rate of progress of aware infective to AIDS, d,, the

reproduction number, Ry is less than one and has almost constant value. This indicates the
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disease not persists.
Rate of progress of Pre-AIDS to AIDS and rate of transmission of unaware infec-

tive to aware infective

Ry

.

_ 07245395, +0.83953
By + 06565

i R,

IE3

-

0.66445

Figure 7.9: Reproduction number versus the rate of progress of Pre-AIDS to AIDS.

Figure [7.9} it is graphical representation of the basic reproduction number Ry versus rate of
progress of Pre-AIDS to AIDS, d3 and keeping other parameters constant. This figure shows
that an increase in the rate of progress of Pre-AIDS to AIDS between the parametric values 0
and 0.66 makes a decrease in the reproduction number but the reproduction number is greater
than one that indicates the disease persists with a decreasing rate. If the parameter value of d3
greater than 0.66, then the reproduction number decreases and becomes less than one where

the disease not persists.

Ry
T H _ 0499129 4 0.4 508068
LA 6—0,00686
0921330 ' 0

Figure 7.10: Reproduction number versus the rate of transmission of unaware infective to aware

infective.

Figure [7.10} it is graphical representation of the basic reproduction number R versus rate of
transmission of unaware infective to aware infective, # and keeping other parameters constant.

This figure shows that the rate of transmission of unaware infective to aware infective between
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the parametric values 0 and 0.92 makes a decrease in the reproduction number but the repro-
duction number is greater than one that indicates the disease persists with a decreasing rate.
If the parameter value of 6 greater than 0.92, then the reproduction number decreases and
becomes less than one where the disease not persists.

Rate of transmission of unaware and aware infective to seropositive class

Ro

Rn =1
0822169
Tk, +0.763145

5 Ro

"
[
[

0.059024 K

Figure 7.11: Reproduction number versus the rate of transmission of unaware infective to

seropositive class.

Figure [7.11} it is graphical representation of the basic reproduction number R versus rate of
transmission of unaware infective to seropositive class, k; and keeping other parameters con-
stant. This figure shows that an increase in the rate of transmission of unaware infective to
seropositive class between the parametric values 0 and 0.06 makes a decrease in the reproduc-
tion number, but the reproduction number is greater than one that indicates the disease persists
with a decreasing rate. If the parameter value of k; greater than 0.06, then the reproduction

number decreases and becomes less than one where the disease dies out.

Ry

-h=__‘_ Rﬂ = 1
: R. — 2833233k, +0626538

! . ky+0.6235

i

p

- i ] i Ik
0.01822 ‘

Figure 7.12: Reproduction number versus the rate of transmission of aware infective to seropos-

itive class.

Figure [7.12} it is graphical representation of the basic reproduction number R, versus rate of
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transmission of aware infective to seropositive class, ko and keeping other parameters constant.
This figure shows that an increase in the rate of transmission of aware infective to seropositive
class, ks, between the parametric values 0 and 0.02 makes a decrease in the reproduction num-
ber, Ry, but the reproduction number is greater than one that indicates the disease persists
with a decreasing rate. If the parameter value of ky greater than 0.02, then the reproduction
number is less than one and almost constant in value.

Rate of transmission of Pre-AIDS individuals to seropositive class and the rate of

unaware infective immigrants

R,

\1 R =1

T ———
; 0.724539k4+0.703389
R —
0= k3 +0.4686
- : - .
0.85235 ks

Figure 7.13: Reproduction number versus the rate of transmission of Pre-AIDS to seropositive

class.

Figure [7.13}it is graphical representation of the basic reproduction number R, versus rate of
transmission of Pre-AIDS to seropositive class, k3 and keeping other parameters constant. This
figure shows that an increase in the rate of transmission of Pre-AIDS to seropositive class be-
tween the parametric values 0 and 0.85 makes a decrease in the reproduction number but the
reproduction number is greater than one that indicates the disease persists with a decreasing
rate. If the parameter value of k3 greater than 0.85, then the reproduction number is less than

one and we can say the disease not persists.

Ra

[T
—
DATPIAE—pry

Rg
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Figure 7.14: Reproduction number versus the rate of unaware infective immigrants.
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Figure [7.14lshows that an increase in the rate of unaware infective immigrants,p;, between the
parametric values 0 and 0.44 makes an increase in the reproduction number Ry > 1 and tell us
the disease persists.

Rate of aware infective immigrants and rate of progress of unaware infective to

Pre-AIDS

1222004 - A TAARpE,

f o ——
» 1 it — ey

R, = 1

—_

0-1?7311: e ' Pz

Figure 7.15: Reproduction number versus the rate of aware infective immigrants.

Figure [7.15} it is graphical representation of the basic reproduction number Ry versus rate of
transmission of aware infective immigrants, p, and keeping other parameters constant. This
figure shows an increase in the rate of aware infective immigrants between the parametric val-
ues 0 and 0.18 makes an increase in the reproduction number but the reproduction number is
less than one that indicates the disease not persists. If the rate of aware infective immigrants
between 0.18 and 1.29 makes an increase in the reproduction number with, Ry > 1 and tell us
the disease persists. Whereas, the rate of aware infective immigrants greater than 1.29, makes

an increase in the reproduction number with Ry < 1, and tell us the disease not persists.

Ro

R. = D665 +0 3568562 T 1uy

w B iy +0.AZ3145
\\\; Ho : l

0.420598

Figure 7.16: Reproduction number versus rate of progress of unaware infective to Pre-AIDS.

Figure [7.16} it is graphical representation of the basic reproduction number Ry versus rate of
progress of unaware infective to Pre-AIDS, u; and keeping other parameters constant. This

figure shows an increase in the rate of progress of unaware infective to Pre-AIDS between the
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parametric values 0 and 0.42 makes a decrease in the reproduction number but the reproduction
number is greater than one that indicates the disease persists with a decreasing rate. If the
parameter value of u; greater than 0.42, then the reproduction number is less than one and we
can say the disease not persists.

Rate of progress of aware infective to Pre-AIDS and rate of vertical transmission

Ry

H _ ﬂ.'?“l:'-lﬁﬂgui +0.645177
= uz+0.7035

Us;

Figure 7.17: Reproduction number versus rate of progress of aware infective to Pre-AIDS.

From figure [7.17, we can observe that an increase in the rate of progress of aware infective to
Pre-AIDS, us, the reproduction number, Ry is less than one and has almost constant value.

This indicates the disease not persists.

OUHEE 169
Hn o ———
1220509710

%

0.400848 ¢

Figure 7.18: Reproduction number versus Rate of vertical transmission.

Figure [7.18} it is graphical representation of the basic reproduction number R versus rate
of vertical transmission, ¢ and keeping other parameters constant. This figure shows that an
increase in the rate of vertical transmission between the parametric values 0 and 0.41 makes
an increase in the reproduction number but the reproduction number is less than one that

indicates the disease not persists. Whereas, the rate of vertical transmission greater than 0.41,
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makes an increase in the reproduction number with Ry > 1, and tell us the disease persists.

The probability of death at birth and natural mortality

Ry

Rg = ]
0822169

\ﬁ-_______i” T 1.1924+0.45¢

Figure 7.19: Reproduction number versus the probability of death at birth.

Figure(7.19} it is graphical representation of the basic reproduction number R, versus probabil-
ity of death at birth, € and keeping other parameters constant.From this figure we can observe
that an increase in the probability of death at birth, €, the reproduction number, Ry is less

than one. This indicates the disease not persists.

Rn!-

11629+ 1.2 TO0THE+ 0 3T06 Lu”
BAOSSA5+ L 40IBEZN+ 0 ZRTHI 2 + 0.AT061 "

Rg =

Figure 7.20: Reproduction number versus Natural mortality.

Figure [7.20; it is graphical representation of the basic reproduction number Ry versus natural
mortality, ;1 and keeping other parameters constant. This figure shows an increase in natural
mortality between the parametric values 0 and 1.25 makes a decrease in the reproduction num-
ber but the reproduction number is greater than one that indicates the disease persists with a
decreasing rate. If the parameter value of p greater than 1.25, then the reproduction number

is less than one and we can say the disease not persists.
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7.2 Conclusions

In this study we have developed a deterministic mathematical model for Age structure and In-
flow Immigrants on the Dynamics of HIV/AIDS: dividing susceptible individuals in to sexually
immature (i.e age below 15 years) and sexually mature (i.e age 15 years and above), aware
and unaware infective, infective immigrants, Pre-AIDS individuals and treatments of infectious
individuals. The stability analysis on the model shows that the disease -free equilibrium point
Ey is to be locally asymptotically stable and globally asymptotically stable when Ry < 1 and
the positive endemic equilibrium point E* is shown to be locally asymptotically stable and
globally asymptotically stable for Z < Y. Results from Numerical simulation show that as
the transmission rate of unaware infective humans to aware infective increases, the basic re-
production number decreases. This will result in decreasing on the transmission of HIV/AIDS.
We evaluated the numerical value of the basic reproduction number. Consequently, Ry = 1.05
that shows the HIV/AIDS disease spread in the community. A sensitivity analysis of the ba-
sic reproduction number indicates that the transmission rate of unaware infective humans to
aware infective, the rate of vertical transmission and horizontal transmission rate are the most

sensitive parameters that can be used to control the spread of the disease.
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Chapter 8

Results, Conclusions and

Recommendations

8.1 Results

In this study, we would like to present the results and findings obtained from the analysis of
the model discussed under chapter 7.

From sensitive analysis we observed that the most sensitive parameter is the transmission rate
of unaware infective humans to aware infective, # and the least sensitive parameter is the re-
cruitment into sexually immature class, (2. The indices having positive signs increase the value
of Ry as one increase them and those having negative signs decrease the value of Ry, when they

are increased.

Results from Numerical simulation show that as the transmission rate of unaware infective
humans to aware infective, 6, increases, the basic reproduction number decreases. This will
result in decreasing on the transmission of HIV/AIDS.

An increase in the rate of horizontal transmission of unaware infective, [3;, makes an increase
in the reproduction number, Ry. If §; > 0.73 the reproduction number Ry > 1 that indicates
the disease persists. When [3; < 0.73 the reproduction number Ry < 1 this indicates that the
disease not persists.

From figure [7.4] we can observe that an increase in the rate of horizontal transmission of aware

infective, 5, makes an increase in the reproduction number, Ry. If 85 > 0.55 the reproduction
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number Ry > 1 that indicates the disease persists. When [y < 0.55 the reproduction number
Ry < 1 this indicates that the disease not persists.

We can observe From figure that an increase in the rate of horizontal transmission of Pre-
AIDS, 3, makes an increase in the reproduction number, Ry. For 3 > 0.75 we can see the
reproduction number Ry > 1 that indicates the disease persists. When (3 < 0.75 the reproduc-
tion number Ry < 1 and this indicates that the disease not persists.

We can observe that an increase in the rate of progress of unaware infective to AIDS, §;, between
the parametric values 0 and 0.10 makes a decrease in the reproduction number, Ry, but the
reproduction number is greater than one that indicates the disease persists. If the parameter
value of §; greater than 0.10, then the reproduction number decreases and becomes less than
one where the disease not persists.

From figure we can observe that an increase in the rate of progress of Pre-AIDS to AIDS,
03, between the parametric values 0 and 0.66 makes a decrease in the reproduction number,
Ry, but the reproduction number is greater than one that indicates the disease persists with a
decreasing rate. If the parameter value of d3 greater than 0.66, then the reproduction number
decreases and becomes less than one where the disease not persists.

An increase in the rate of transmission of unaware infective to aware infective, 6, between
the parametric values 0 and 0.92 makes a decrease in the reproduction number, Ry, but the
reproduction number is greater than one that indicates the disease persists with a decreasing
rate. If the parameter value of 6 greater than 0.92, then the reproduction number decreases
and becomes less than one where the disease not persists.

Figure shows an increase in the rate of transmission of unaware infective to seropositive
class, k1, between the parametric values 0 and 0.06 makes a decrease in the reproduction num-
ber, Ry, but the reproduction number is greater than one that indicates the disease persists
with a decreasing rate. If the parameter value of k; greater than 0.06, then the reproduction
number decreases and becomes less than one where the disease not persists.

From figure we can observe that an increase in the rate of transmission of aware infective
to seropositive class, ks, between the parametric values 0 and 0.02 makes a decrease in the
reproduction number, Ry, but the reproduction number is greater than one that indicates the
disease persists with a decreasing rate. If the parameter value of ky greater than 0.02, then the
reproduction number is less than one and almost constant in value.

An increase in the rate of transmission of Pre-AIDS to seropositive class, k3, between the para-
metric values 0 and 0.85 makes a decrease in the reproduction number, Ry, but the reproduction

number is greater than one that indicates the disease persists with a decreasing rate. If the
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parameter value of k3 greater than 0.85, then the reproduction number is less than one and we
can say the disease not persists.

Figure [7.14] shows that an increase in the rate of unaware infective immigrants, p;, between the
parametric values 0 and 0.44 makes an increase in the reproduction number Ry > 1 and tell us
the disease persists.

From figure [7.15] we can see that an increase in the rate of aware infective immigrants, ps,
between the parametric values 0 and 0.18 makes an increase in the reproduction number, Ry,
but the reproduction number is less than one that indicates the disease not persists. If the
rate of aware infective immigrants between 0.18 and 1.29 makes an increase in the reproduction
number with, Ry > 1 and tell us the disease persists. Whereas, the rate of aware infective
immigrants greater than 1.29, makes an increase in the reproduction number, Ry < 1, and tell
us the disease not persists.

An increase in the rate of progress of unaware infective to Pre-AIDS, uy, between the paramet-
ric values 0 and 0.42 makes a decrease in the reproduction number, Ry, but the reproduction
number is greater than one that indicates the disease persists with a decreasing rate. If the
parameter value of u; greater than 0.42, then the reproduction number is less than one and we
can say the disease not persists.

From figure [7.17, we can observe that an increase in the rate of progress of aware infective to
Pre-AIDS, us, the reproduction number, Ry is less than one and has almost constant value.
This indicates the disease not persists.

Figure shows an increase in the rate of vertical transmission, ¢, between the parametric
values 0 and 0.41 makes an increase in the reproduction number, Ry, but the reproduction
number is less than one that indicates the disease not persists. Whereas, the rate of vertical
transmission greater than 0.41, makes an increase in the reproduction number, Ry > 1, and
tell us the disease persists.

From figure [7.19] we can observe that an increase in the probability of death at birth, €, the
reproduction number, Ry is less than one and has almost constant value. This indicates the
disease not persists.

An increase in natural mortality, p, between the parametric values 0 and 1.25 makes a decrease
in the reproduction number, Ry, but the reproduction number is greater than one that indicates
the disease persists with a decreasing rate. If the parameter value of p greater than 1.25, then

the reproduction number is less than one and we can say the disease not persists.
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8.2 Conclusions

In this thesis, we studied a mathematical model analysis of the dynamics of HIV/AIDS with
different mode of transmission and inflow immigrants in Ethiopia. Persistence of current in-
fections and their possible dynamics are investigated. We also addressed the stability of the
epidemic, sensitivity analysis and numerical simulation.

In Chapters 1-3, we reviewed some basic features of the HIV epidemic, historical background,
and the different mathematical models investigated by different authors. And also highlights
the role of modeling and stated the method we used in the study.

In Chapter 4, we proposed an improvement of the model [I04] that is to show the effect of un-
aware infective immigrants, aware infective immigrants, vertical and blood borne transmissions
and treatment on the dynamics of HIV/AIDS. A non-linear differential equation was formu-
lated to represent the model. The stability analysis on the model was investigated.

In Chapter 5, we extended the model given in chapter 4 and studied. Here we have developed
a deterministic mathematical model for Age structure and Inflow Immigrants on the Dynamics
of HIV/AIDS: dividing susceptible individuals in to sexually immature (i.e age below 15 years)
and sexually mature (i.e age 15 years and above), aware and unaware infective, infective immi-
grants, Pre-AIDS individuals and treatments of infectious individuals. The stability analysis
of the model also analyzed.

In Chapter 6, we investigated the model proposed in chapter 4 using parameter values obtained
from different journals. A sensitivity analysis of the basic reproduction number indicates that
transmission probability, the rate of progress to AIDS and the rate of aware infective immi-
grants are the most sensitive parameters that can be used to control the spread of the disease.
Results from numerical simulation show that as the probability of transmission of the disease
to susceptible individuals by unaware and aware infective individuals increases, the basic repro-
duction number also increases. This will result in increasing on the transmission of HIV/AIDS.
In Chapter 7, we analyzed the model given in chapter 5 using parameter values obtained from
data taken from Ethiopia and related materials. Results from numerical simulation show that
as the transmission rate of unaware infective humans to aware infective increases, the basic re-
production number decreases. This will result in decreasing on the transmission of HIV/AIDS.
We evaluated the numerical value of the basic reproduction number. Consequently, Ry = 1.05
that shows the HIV/AIDS disease spread in the community. A sensitivity analysis of the ba-

sic reproduction number indicates that the transmission rate of unaware infective humans to
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aware infective, the rate of vertical transmission and horizontal transmission rate are the most
sensitive parameters that can be used to control the spread of the disease.

As further studies and future directions, one may include additional realistic features in our
models. Some additional aspects include: age structure in infectious stages, sex structured,
investigate time dependency on transmission rate and other parameters of a model under a
continuous changes of control measures. Drug resistance is a critical issue in HIV infection,
thus by including drug resistance in our models one can improve modeling outcomes signifi-

cantly.

8.3 Recommendations

Based on the above results and discussion we observed the basic reproduction number Ry = 1.05
is greater than one and this implies that the disease spreads in the community. In order to
decrease the spread of HIV/AIDS in the society, we recommend the following based on the

most influential parameters.

The first control parameter is the rate of transmission of unaware infective to aware infective 6.

f — number of unaware infected who know their status per year

e e e e S = 0.79, where number of population moving

from unaware infected to aware infected class is 64,104 and total number of unaware infective
is 81,144. The intersection point of Ry = 1 and the rate of transmission of unaware infective
to aware infective class 6 is (0, Ry) = (0.92,1). Therefore, for basic reproduction to be less

than unity, the control parameter 6 should be greater than 0.92. But from the real data we

obtained that 6 = gﬁgj = 0.79. Hence, this value should approach 0.92 by fixing the total

number of unaware infected population 81,144 and increase the number of population moving

from unaware infected to aware infected class from 64,104 to 74,652.

The second control parameter is the rate of vertical transmission ¢.

(b __ Average number of infected new born per year
o Total number of new born

= 0.45, where average number of infected new born per
year is 148,709 and total number of new born is 330,465. The intersection point of Ry = 1 and
the rate of vertical transmission ¢ is (¢, Ry) = (0.41,1). Therefore, for basic reproduction to

be less than unity, the control parameter ¢ should be less than 0.41. But from the real data we

obtained that ¢ = ;ggzgg = 0.45. Hence, this value should approach 0.41 by decreasing infected
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new born as much as possible.

The third control parameter is the horizontal transmission rate of unaware infective to suscepti-

ble individuals ;. f; = Hective contact of unaware infective _ () 83 where effective contact of unaware

infective is 67,350 and total contact of unaware infective is 81,144. The intersection point of
Ry =1 and the horizontal transmission rate of unaware infective to susceptible individuals 3,
is (1, Ro) = (0.73,1). Therefore, for basic reproduction to be less than unity, the control pa-

rameter 3; should be less than 0.73. But from the real data we obtained that(, = gﬁig = 0.83.

Hence, this value should approach 0.73 by fixing the total contact of unaware infective 81,144

and decrease effective contact of unaware infective from 67,350 to 59,235.

The fourth control parameter is the rate of progress of unaware infective to Pre-AIDS wu;.

_ 1 - . .
ur = Average life time of unaware infective individual progress to Pre-AIDS ~— 036’ where average life time of

unaware infective individual progress to Pre-AIDS is 2.78. The intersection point of Ry = 1
and the rate of progress of unaware infective to Pre-AIDS uy is (uy, Ry) = (0.42, 1). Therefore,
for basic reproduction to be less than unity, the control parameter u; should be greater than
0.42. But from the real data we obtained that u; = Tlm = 0.36. Hence, this value should

approach 0.42 by decreasing average life time of unaware infective individual progress to Pre-

AIDS from 2.78 to 2.38.

The fifth control parameter is the horizontal transmission rate of Pre-AIDS to susceptible

: L _ Effective contact of Pre-AIDS _ : . :
individuals B3. 83 = oot coniast of Do ADS mdiviam = 0-9, where effective contact of Pre-AIDS is

27,265 and total contact of Pre-AIDS individuals is 30,294. The intersection point of Ry = 1 and
the horizontal transmission rate of Pre-AIDS to susceptible individuals 53 is (53, Ry) = (0.75, 1).
Therefore, for basic reproduction to be less than unity, the control parameter 33 should be less
than 0.75. But from the real data we obtained that 3 = gg:ggi = 0.9. Hence, this value should

approach 0.75 by fixing the total contact of Pre-AIDS individuals 30,294 and decrease effective
contact of Pre-AIDS individuals from 27,265 to 22,721.
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